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Abstract. This is the second of a sequence of four papers [17], [18], [19], [20] dedicated 
to the construction and the control of a parametrix to the homogeneous wave equation 
□ g = 0, where g is a rough metric satisfying the Einstein vacuum equations. Controlling 
such a parametrix as well as its error term when one only assumes L 2 bounds on the 
curvature tensor R of g is a major step of the proof of the bounded L 2 curvature conjecture 
proposed in [7], and solved by S. Klainerman, I. Rodnianski and the author in [T2] . On a 
more general level, this sequence of papers deals with the control of the eikonal equation on 
a rough background, and with the derivation of L 2 bounds for Fourier integral operators 
on manifolds with rough phases and symbols, and as such is also of independent interest. 



1 Introduction 

We consider the Einstein vacuum equations, 

= (1.1) 

where H a /3 denotes the Ricci curvature tensor of a four dimensional Lorentzian space time 
(.M, g). The Cauchy problem consists in finding a metric g satisfying (II. ip such that the 
metric induced by g on a given space-like hypersurface S and the second fundamental 
form of So are prescribed. The initial data then consists of a Riemannian three dimen- 
sional metric gij and a symmetric tensor kij on the space-like hypersurface So = {t = 0}. 
Now, (11. ip is an overdetermined system and the initial data set (So, g, k) must satisfy the 
constraint equations 

' yj kij - V.Tik = 0, 
R-\k\ 2 + {Trk) 2 = 0, 

where the covariant derivative V is defined with respect to the metric g, R is the scalar 
curvature of g, and Trk is the trace of k with respect to the metric g. 

The fundamental problem in general relativity is to study the long term regularity and 
asymptotic properties of the Cauchy developments of general, asymptotically flat, initial 
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data sets (S ,g, k). As far as local regularity is concerned it is natural to ask what are 
the minimal regularity properties of the initial data which guarantee the existence and 
uniqueness of local developments. In [12J, we obtain the following result which solves 
bounded L 2 curvature conjecture proposed in [7j: 

Theorem 1.1 (Theorem 1.10 in |12| ) Let (-M,g) an asymptotically flat solution to 
the Einstein vacuum equations (11. ip together with a maximal foliation by space-like hy- 
persurfaces T> t defined as level hypersurfaces of a time function t. Let r„ ;(S 4 , 1) the volume 
radius on scales < 1 o/sJE Assume that the initial slice (£ ,g,/c) is such that: 

||-H||i2(E ) < £, WHiPOCo) + II V/c|| L 2(e ) < ^ and r„ o z(S , 1) > -. 

Then, there exists a small universal constant e > such that if < e < e , then the 
following control holds on < t < 1: 

PIU^^Et) ^ Wkh^L^t) + ||V/c|| L - i]L 2 (St) < £ and ^vaf_^r vo i(E t , 1) > ~. 

Remark 1.2 While the first nontrivial improvements for well posedness for quasilinear 
hyperbolic systems (in spacetime dimensions greater than 1 + 1), based on Strichartz esti- 
mates, were obtained in JMj, /£i] /. 122^ . JTZy . JTffl . Theorem \l.l\ is the first result 
in which the full nonlinear structure of the quasilinear system, not just its principal part, 
plays a crucial role. We note that though the result is not optimal with respect to the 
standard scaling of the Einstein equations, it is nevertheless critical with respect to its 
causal geometry, i.e. L 2 bounds on the curvature is the minimum requirement necessary 
to obtain lower bounds on the radius of injectivity of null hypersurfaces. We refer the 
reader to section 1 in fWj for more motivations and historical perspectives concerning 
Theorem 

Remark 1.3 The regularity assumptions on S in Theorem \l.l\ - i.e. R andVk bounded 
in L 2 (S ) - correspond to an initial data set (g, k) G if^ c (£ ) x i?^ c (E ). 

Remark 1.4 In [W{ . our main result is stated for corresponding large data. We then 
reduce the proof to the small data statement of Theorem li.il relying on a truncation and 
rescaling procedure, the control of the harmonic radius of So based on Cheeger-Gromov 
convergence of Riemannian manifolds together with the assumption on the lower bound 
of the volume radius of So, and the gluing procedure in |5]/, ^j. We refer the reader to 
section 2.3 in fWj for the details. 

Remark 1.5 We recall for the convenience of the reader the definition of the volume 
radius of the Riemannian manifold S t . Let B r (p) denote the geodesic ball of center p and 
radius r. The volume radius r vo i(p,r) at a point p G S t and scales < r is defined by 



r vo i{p,r) = inf 



\B r ,{p)\ 



r'<r r 
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with \B r \ the volume of B r relative to the metric g t on S t . The volume radius r vo i(T lt ,r) 
o/Sj on scales < r is the infimum of r vo i(p,r) over all points p G S t . 



1 See Remark 1 1 . 5 1 below for a definition 
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The proof of Theorem ll.il obtained in the sequence of papers [T2], [H], [IB], [IS], 
IT] , relies on the following ingredients^!: 

A Provide a system of coordinates relative to which (11. ip exhibits a null structure. 

B Prove appropriate bilinear estimates for solutions to D g = 0, on a fixed Einstein 
vacuum background^. 

C Construct a parametrix for solutions to the homogeneous wave equations D g = 
on a fixed Einstein vacuum background, and obtain control of the parametrix and of 
its error term only using the fact that the curvature tensor is bounded in L 2 . 



Steps A and B are carried out in [12]. In particular, the proof of the bilinear estimates 
rests on a representation formula for the solutions of the wave equation using the following 
plane wave parametrix: 

Sf(t,x)= / e iXu ( t > x >^f(\u)\ 2 d\du,(t,x)eM (1.3) 
is 2 Jo 

where u(.,.,ou) is a solution to the eikonal equation g al3 d a ud/3U = on M. such that 
u(0,x,u) ~ x.uj when |x| — > +oo on E . 

Remark 1.6 Actually, (II. 3p only corresponds to a half wave parametrix. The full parametrix 
will be derived in section POl 

Remark 1.7 The asymptotic behavior for u(0,x,u) when \x\ — > +oo will be important 
to generate arbitrary initial data for the wave equation (see (I2.2ip ). 

Remark 1.8 Note that the parametrix (II .3p is invariantly defined^, i.e. without reference 
to any coordinate system. This is crucial since coordinate systems consistent with L 2 
bounds on the curvature would not be regular enough to control a parametrix. 

In order to complete the proof of the bounded L 2 curvature conjecture, we need to 
carry out step C with the parametrix defined in (II. 3p . 

Remark 1.9 In addition to their relevance to the resolution of the bounded L 2 curvature 
conjecture, the methods and results of step C are also of independent interest. Indeed, they 
deal on the one hand with the control of the eikonal equation g a/3 d a ud/3U = at a critical 
leve$, and on the other hand with the derivation of L 2 bounds for Fourier integral operators 
with significantly lower differentiability assumptions both for the corresponding phase and 
symbol compared to classical methods (see for example Iffl$ and references therein). 



2 We also need trilinear estimates and an L 4 (A4) Strichartz estimate (see the introduction in |12j ) 
3 Note that the first bilinear estimate of this type was obtained in [5] 

4 Our choice is reminiscent of the one used in [T3] in the context of H 2+e solutions of quasilinear wave 
equations. Note however that the construction in that paper is coordinate dependent 

5 We need at least L 2 bounds on the curvature to obtain a lower bound on the radius of injectivity of 
the null level hypersurfaces of the solution u of the eikonal equation, which in turn is necessary to control 



the local regularity of u (see 
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In view of the energy estimates for the wave equation, it suffices to control the 
parametrix at t — (i.e. restricted to So) 

Sf(0,x)= / e iXu (°> x >^f(\u)\ 2 d\du, x e E (1.4) 
Js 2 Jo 

and the error term 

Ef(t,x) = n s Sf(t,x) = e iXu{t ' x ' ul) n g u{t,x,u)f{Xu)X 3 dXdu, (t,x) e M. (1.5) 

is 2 Jo 

This requires the following ingredients, the two first being related to the control of the 
parametrix restricted to So fll.4[) . and the two others being related to the control of the 
error term (11.51) : 

CI Make an appropriate choice for the equation satisfied by u(0, x, u) on So, and control 
the geometry of the foliation generated by the level surfaces ofu(0,x,u) on So. 

C2 Prove that the parametrix at t = given by (II .4p is bounded in C(L 2 (R 3 ), L 2 (S)) 
using the estimates for u(0 , x , u>) obtained in CI. 

C3 Control the geometry of the foliation generated by the level hypersurfaces of u on 
M. 

C4 Prove that the error term (11.51) satisfies the estimate \\E f\\ L 2^ M ^ < C\\ \f\\L 2 (m. 3 ) 
using the estimates for u and D g M proved in C3. 

Concerning step CI, let us note that the typical choice u(0,x,u) = x ■ u in a given 
coordinate system would not work for us, since we don't have enough control on the 
regularity of a given coordinate system within our frameworlH Instead, in |17] . we rely 
on a geometric definition for u(0, x, u) to achieve step CI. In the present paper, we focus 
on step C2. 

Note that the parametrix at t = given by (11.41) is a Fourier integral operator (FIO) 
with phase u(0,x,u). Now, we only assume R G L 2 (S ) and Vfc G L 2 (S ) in order to 
be consistent with the statement of Theorem 11.11 This severely limits the regularity we 
are able to obtain in step CI for u(0,x, u) (see [T7j and section [2721) . Although R and k 
do not depend on the parameter uj, the regularity in u we are able to obtain in step CI 
for u(0,x,u) is very limited as weltj. In particular, we obtain for the phase u(0,x, u) of 
Sf(x, 0) in 

sup (||V 3 w|| L 2 (So) + ||V9 w u||£oo (Eo) + |]V 2 w t*||jy»(Eo) + (So)) ^ £■ (1-6) 

6 This issue appears because we are working at the level of H 2 solutions for Einstein equations. In 
particular, the choice u(0, x, uj) — x - uj in a given coordinate system is used in |15) in the context of H 2+e 
solutions for quasilinear wave equations 

7 This is due to the fact that our estimates are better in directions tangent to the u-foliation on 
So- Now, after differentiation with respect to w, derivatives in tangential directions pick up a nonzero 
component along the normal direction to the w-foliation on So (see [17| for details) 

8 Actually, we have weaker bounds for the estimates where all the spatial derivatives are taken in the 
direction normal to the u- foliation on Eq (see section 12. 2[) 
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Let us note that the classical arguments for proving L 2 bounds for FIO are based either 
on a TT* argument, or a T*T argument, which requires in our setting^ taking at least 4 
derivatives of the phase in L°°(Eo x S 2 ) either with respect to x for T*T, or with respect 
to (A, a;) for TT* (see for example [16J). Both methods would fail by a large margin, in 
particular in view of the regularity (ll.6p obtained for the phase of the parametrix at initial 
time Sf(x,0). In order to obtain the control required in step C2 with the regularity of 
the phase of the FIO Sf(x,0) given by (11.61) . we are forced to design a method which 
allows us to take advantage both of the regularity in x and u>. This is achieved using in 
particular the following ingredients: 

• geometric integrations by parts taking full advantage of the better regularity prop- 
erties in directions tangent to the level surfaces of u(0, 

• the standard first and second dyadic decomposition in frequency and angle (see 
|16j). as well as another decomposition involving frequency and angle, 

• after localization in frequency and angle, an estimate for the diagonal term using 
the TT* argument and a change of variable tied to u(0,x,u). 

The rest of the paper is as follows. In section 2, we present the full parametrix for 
solutions to the homogeneous wave equation O g (f) = 0, we recall the regularity for the 
phase u(0, x, u) obtained in [T7|, and we state our main results. In section 3, we prove 
the boundedness on L 2 of a pseudodifferential operator acting on IR 3 with a rough symbol 
introducing the main ideas in a simple setting. In section 4, we prove the boundedness 
on L 2 of a Fourier integral operator acting on So with phase u(0,x,u) and a symbol 
having limited regularity consistent with the one given by our parametrix. Finally, we 
use the results of section 4 to show the existence and to control our parametrix in section 5. 

Acknowledgments. The author wishes to express his deepest gratitude to Sergiu Klain- 
erman and Igor Rodnianski for stimulating discussions and constant encouragements dur- 
ing the long years where this work has matured. He also would like to stress that the 
basic strategy of the construction of the parametrix and how it fits into the whole proof of 
the bounded L 2 curvature conjecture has been done in collaboration with them. Finally, 
he would like to mention the influential work [15] providing construction and control of 
parametrices for H 2+e solutions of quasilinear wave equations. The author is supported 
by ANR jeunes chercheurs SWAP. 

2 Main results 

From now on, there will be no further reference to E t for t > 0. Since there is no confusion, 
we will denote E simply by E in the rest of the paper. 

9 Since So is 3-dimensional 

10 Let us repeat that we actually obtain a weaker bound than (ll.6[) for the estimates where all the 
spatial derivatives are taken in the direction normal to the u-foliation on Eq (see section 12. 2[) 
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2.1 Presentation of the parametrix 

In this section, we construct a parametrix for the following homogeneous wave equation: 

□ g = Oon.M, , 2 x * 

0| s = 0o, = 0i, 

where 0o and 0i are two given functions on E and T is the future oriented unit normal 
to E in /W. 

We recall the plane wave representation of the solution of the flat wave equation. This 
corresponds to the case where g is the Minkowski metric. (12.1 j) becomes: 



□0 = on M 1+3 , 
0(0, .) = O , d t 0(O, .) = 0i on M 3 . 

The plane wave representation of the solution of (12. 2 p is given by: 

+ °° e <M+-)A 1 ( ^ 0o(Au;) + d x duj 



(2.2) 



s 2 Jo 



§ 2 JO 



2 V v ' A 
A 



(2.3) 



where J 7 denotes the Fourier transform on M 3 . 

We would like to construct a parametrix in the curved case similar to (I2.3p . We 
introduce two solutions u± of the eikonal equation 

g a Pd a u±dpu± = on M, (2.4) 

such that: 

T(u±) = =f|Vm±| = Tag 1 on E, (2.5) 

where T is the future oriented unit normal to E in the space-time .M, V is the gradient 
on E associated to the metric g, | • | is the length associated to g for vectorfields on E, 
and a± is the lapse of u± on E. We look for a parametrix for (12.11) of the form: 



S+f+(t,x)+S-.f-(t,x)= / / e^+^^f+iXu^dXdu 



§ 2 JO 



+oo 



§2 Jo 



+ / / e iXu -^ U]) f^\uj)\ 2 dXduj 1 {t 1 x)eM. 



(2.6) 



Thanks to (12. 4p . this parametrix generates the following error term: 

E+f+(t,x)+E-f-(t,x)= / e iAu+( '' :c ' a;) n 3 M + (t,a;,a;)/ + (Aa;)A 3 dAda; 

Js 2 Jo 



+oo 

e iAu - ( *' x ' aj) n 9 u_(t,a;,w)/_(Aa;)A 3 dAdw, (t,x) G M. 



(2.7) 



In the next two sections, we precise the parametrix (12. 6p by prescribing u± on E and by 
making our choice for f± explicit. 
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2.1.1 Prescription of u + and w on E 

(12.41) and (12.51) are not enough to define u± in a unique manner. Indeed, we still need to 
prescribe u± on E. To motivate our choice, we need to introduce some geometric objects 
connected to u±. Let N± the vectorfield on E defined by: 

N ± = = a ± Vu ± , (2.8) 

\vu±\ 

and L± the vectorfield on Ai which is given on E by: 

L± = a ± g a)3 d a u ± dp = a±{-T{u±)T + Vu±) = ±T + N±. (2.9) 

Let P u± = {x G E/ u±(x) = u±} denote the level surfaces of u± in E. Since N± is the 
unit normal to P u± , the second fundamental form of P u± in E is given by: 

0±(e% e%) = g(D e ±N±, e|), A,B = 1, 2, (2.10) 

where (e 1 , e 2 ) is an arbitrary orthonormal frame of TP U± . Let 

U u± = {(t,x) e M/u±(t,x) = u±} 

denote the null level hypersurfaces of u± in M.. Since L± is null and orthogonal to P u± 
in H u± , the null second fundamental form x± is given on P u± by: 

X±(e% e%) = g(D e ±L±, e|), A, B = 1, 2. (2.11) 

Taking the trace in (I2.10p and (12.111) . and using (12. 9p and the fact that k is the second 
fundamental form of E, we obtain: 

trx± = ±trA; + tr^ ± . (2.12) 

Note that Trk = trk + k^N, where Tr denotes the trace for 2-tensors on E. In addition 
to the constraint equations (ll.2p . we choose a maximal foliation to be consistent with 
the statement of Theorem 11.11 This corresponds to Trk = 0. Together with (I2.12p . this 
yields: 

trx± = Tk N±N± + tr0±. (2.13) 
Now, an easy computation yields: 

□ g tt± = aghrx±, (2.14) 
so that the error term (12. 7p may be rewritten: 
E+f+(t,x)+E-f-(t,x) 

f+OO 

2 J e iXu +^a + (t, x, w)-Hrx+(t, x, co)f + (Xuj)X 3 dXduj (2 15) 

+ e lXu - ( - t ' x ' u)) a_{t,x,u)- 1 tT X -{t,x,uj)f4Xuj)X 3 dXdu, (t,x) G M. 

Js 2 Jo 



In view of (I2.15p . one has to show in particular that tr%± belongs to L°°(j\4) as part of 
step C3 in order to complete step C4. This estimate is obtained in [9] using a transport 
equation (the Raychadhouri equation). Thus, one needs the corresponding estimate on E 
(i.e. at t = 0): 

tr X± G L°°(E), (2.16) 
which in view of (12.1 3p is equivalent to: 

T k N±N± + tr0± G L°°(E). (2.17) 

Now, we construct in [T7] a function m(x,o;) on E x § 2 such that 

- k NN + ti6 e L°°(J:). (2.18) 

Note that — u(x, —uj) satisfies: 

k-NN + tr6* G L°°(E). (2.19) 
Thus, in view of (I2.17p . (I2.18P and (I2.19p . we initialize u± on E by: 

m + (0, x, w) = m(x, uj) and w_(0, x, w) = — u(x, —uj) for (x, uj) G E x § 2 . (2.20) 

Remark 2.1 iVoie that in the particular case where k = - £/ie so-called time symmetric 
case-, we may take 

w+(0, x, u;) = tt_(0, x, w) = u(x, uj) for (x, uj) G E x § 2 . 

In particular, we have u + (0, x,uj) = u_(0,x,u) = x ■ uj in the flat case. 

2.1.2 The choice of /+ and /_ 

Having defined u±, we still need to define f± in the parametrix (12. 6p . According to (12. ip . 
the half wave parametrix S+ and S_ should satisfy on E: 

5 + / + (O,x) + 5_/_(O,x)=0o(x), rg91 , 
T(5+/ + )(0,x) +T(5_/_)(0,x) = 0i (*). 



Let us introduce the following operators acting on functions of 

•+oo 



p3. 



/■ r+oo 

M±f(x) = e ±iXu(x ' ±ul) f{Xuj)X 2 dXduj (2.22) 

is 2 </ o 



and 

hoo 



/■ r+oo 

Q±f{x)= / e ±iAu(x ' ±a;) a(x,±a;)-V(Aa;)A 2 dA^, (2.23) 

where a(x,uj) = |Vm(x, a;)| _1 is the lapse of u. Using (I2.5p . the definition of S± in (12.61) . 
fl2T20|l . the definition fl2T22]) of M± and the definition fl2T23]) of Q±, we may rewrite fl2T2T|) 
as: 

/ M + U + M_/_ = 0o, , 9 9d] 

I g+(A/ + ) - Q_(A/_) = i0i. l ^ 4j 

The goal of this paper will be to show that there exist a unique (/+, /_) satisfying (I2.24p . 
and that (/+, /_) satisfies the following estimate: 

II-V+HlW + ||A/_||l 2 (k3) < ||V0 o |U 2 (s) + ||0ilU 2 (s)- (2.25) 



s 



Remark 2.2 In the case of the flat wave equation (12 .2p . we have (£,g) = (M 3 ,<5) ; 
u±(t,x,uj) = =|=t + x ■ uj, u(x,oj) = x ■ uj and a(x,uj) = 1. In particular, the opera- 
tors M± and Q± defined respectively by (I2.22p and (I2.23P all coincide with the inverse 
Fourier transform. Then, the system (I2.24p admits the following solutions: 

f±(\uj) = - F^Auj) ±i- 



2 V A 
which clearly satisfy the estimate (12.251) . 

Before stating precisely the main results of this paper, we will first recall the regularity 
obtained for the phase u(x,uj) constructed in [17J. 

2.2 Regularity assumptions on the phase u(x, to) 

The operators M± and Q± defined respectively in (I2.22p and (12.231) are Fourier integral 
operators with phase ±u(x, ±u>). The regularity assumptions on u(x, uj) will be crucial to 
show the existence of (/+,/_) satisfying (I2.24p and the estimate (I2.25p . In this section, 
we state our assumptions on u(x,cu). 

We define the lapse a(x, uj) = \Vu(x, and the unit vector N such that Vm(i, uj) = 

a(x, w) _1 A^(x, uj). We also define the level surfaces P u = {x / u(x,uj) = u] so that iV is 
the normal to P u . The second fundamental form 9 of P u is defined by 

9(X,Y)=g(V x N,Y) (2.26) 

with X, Y arbitrary vectorfields tangent to the w-foliation P u of E and where V denotes 
the covariant differentiation with respect to g. We denote by tr# the trace of 8, i.e. 
tr# = 5 ab 9ab where 6ab are the components of 6 relative to an orthonormal frame 
{eA)A=i,2 on P u . 

Let /i„ denote the area element of P u . Then, for all integrable function / on E, the 
coarea formula implies: 

/ fdL= / / fadfi u du. (2.27) 
JT, Ju Jp u 

It is also well-known that for a scalar function /: 

i{S P j d ^)=SS^ +tYes ) d ^ (228) 

For 1 < p, q < +oo, we define the spaces LPL q (P u ) using the norm 

\ Vp 



FWlUHPu) = ( / W F W P L«(p u ) du J 



We assume that 1/2 < a(x) < 2 for all x G £ (see Assumption 1 below) so that 
LPL P (P U ) coincides with L P (E) for all 1 < p < +oo. We denote by 7 the metric induced 
by g on P u , and by J/ the induced covariant derivative. 
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We now state our assumptions for the phase u(x, uj) of our Fourier integral operators. 
These assumptions are compatible with the regularity obtained for the function u{x,uj) 
constructed in [T7j (this construction corresponds to step CI). The constant e > below 
satisfies < e < 1 and will be chosen later to be sufficiently small. 

Assumption 1 (regularity with respect to x): 

||Va|| LS o L 2 (Pu) + \\a - 1||l°o(e) + ||yVa|| L 2 (s) + ||0|| l -l2(p„) + ||V6>|| L 2 (S) < e. (2.29) 
Assumption 2 (regularity with respect to uj): 

||<9 w a|| L 2 (s) + ||V<9 w a|| L 2( S) + \\dJ\\ L 2 {i:) + || Wd^OW^^ < e, (2.30) 

||fl£o|U«(E) ^ 1 for some < a < 1. (2.31) 

\\d u N\\ Loa( s) < 1, (2.32) 

1 1 N(x, uj) — N(x, uj') I — \cu — co'\ | < (e + \co — cj'\)\cu — cj'\, Wx G S, uj, uj' G § 2 , (2.33) 

l|Vc£7V|| L2(s) < e. (2.34) 

and 

l&fes) £ L ( 2 - 35 ) 
Assumption 3 (additional regularity with respect to x): 
For all j > 0, there are scalar functions a{ and a\ such that: 

\7 N a = a{ + a\ where |K|| L 2 (S) < 2~ j/2 e, \\a J 2 \\ L ^ L 2 {Pu) <e _ ^ 
and ||Vatc4|| L 2 (s) + \\a 3 2 \\ L 2 uL ^ {Pu) < 2 3/2 e. 

Assumption 4 (global change of variable on H): 
Let uj G S> 2 . Let (p w : S -)■ IR 3 defined by: 

(fiu)(x) '■= u(x, uj)uj + d^u^x, uj). (2.37) 

Then W zs a bisection, and the determinant of its Jacobian satisfies the following estimate: 

HI det(Jac4> w ) | — 1|U~(S) <£■ (2.38) 

Assumption 5 (comparison ofu(x,uj) with a phase linear in uj): 
Let ;/6§ 2 and 0„ iae map defined in (12.371) . Then, we have: 

u(x, uj) — 4> v (x) ■ uj = 0(e\uj — u\ 2 ), 

duii(x, uj) - d w ((j) u (x) ■ uj) = 0(e\uj -v\), (2.39) 
dlu{x,uj)-dl{cj )u {x)-uj) = 0{e). 

Assumption 6 (comparison ofN(x,—uj) with N(x,uj)): 
For all x G E and u6§ 2 , we have: 

\N(x,uj) + N(x,-uj)\<e. (2.40) 
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Remark 2.3 In Assumptions 1-6, all inequalities hold for anyuo G § 2 with the constant 
in the right-hand side being independent of u. Thus, one may take the supremum in u 
everywhere. To ease the notations, we do not explicitly write down this supremum. 

Remark 2.4 The fact that we may take a small constant e > in Assumptions 1-6 is 

directly related to the assumptions on £ for R and k in Theorem 

Remark 2.5 In the case of the flat wave equation (12 .2p . we have = (M 3 ,<5), 

u(x,cj) = x- u,a = l, N = u and W = Id R a. Thus, Assumptions 1-6 are clearly 
satisfied with e = 0. 

Remark 2.6 In JJTj, the phase u(x,u) is actually exactly equal to x ■ u> on \x\ > 2. This 
is made possible by exploiting the finite speed of propagation of Einstein vacuum equations 

(seem)- 

Remark 2.7 Recall that the lapse a is at the level of one derivative of u with respect to 
x. Thus, we obtain from (I2.29|) that some components of V 3 u are in £ 2 (£). Note that 
this is not true for all components since ( I2.36P does not allow us to control V 2 N a in L 2 (T>). 
In fact, (I2.36P is only at the level of 3/2 derivatives of a with respect to N in L 2 . 



2.3 Main results 

We first state a result of boundedness on L 2 for Fourier integral operators with phase 
u(x, u). 

Theorem 2.8 Let u be a function on £ x § 2 satisfying Assumption 1, Assumption 2 

and Assumption 4. Let U the Fourier integral operator with phase u(x,u) and symbol 
b(x, oj): 

Uf(x)= / e iXuix ^b(x,uj)f(\uj)\ 2 d\duj. (2.41) 



J§ 2 Jo 

Let D > 0. We assume furthermore that b(x,u) satisfies: 

||6|U- (E) + \\Vb\\ L ~ LHPu) + \\fVb\\ LHS) < D, (2.42) 
R&||l»(s) + ||VcU>|U 2(E) < D, (2.43) 

and 

V N b = b[ + h> 2 where Wx^y.) < 2~'D, \\bi\\ L ~ L 2 (Pu) < D, 
and ||VjvZ4||z,2(e) + \\bi\\ L iL°°(p u ) < ^D. 
Then, U is bounded on L? and satisfies the estimate: 



(2.44) 



\\Uf\\ LHs) <D\\f\\ LHm . (2.45) 



Remark 2.9 We intend to apply Theorem \2.8\ to the Fourier integral operators M± and 
Q± introduced in section ["2.1.S\ whose symbol are respectively 1 and a -1 . Thus, our as- 
sumptions on the regularity of the symbol b(x, u) are consistent with the assumptions on 
the regularity of a(x,u) given by Assumptions 1-3. 
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Recall the definition of the Fourier integral operators M± and Q± introduced in section 
EX2J 

r p+oo 

M±f(x) = e ±iX < x > ± ^f(Xuj)X 2 dXdu : (2.46) 

Js 2 Jo 



and 

hOO 



r r+oo 

Q±f(x)= / e ±iXu{x ' ±u)) a(x,±uj)- 1 f(Xuj)X 2 dXduj. (2.47) 
Js 2 Jo 

The following theorem is the main result of this paper and achieves step C2. 

Theorem 2.10 Let u be a function on S x § 2 satisfying Assumptions 1-6. Then, there 
exist a unique (/+,/_) satisfying: 

g+(A/ + )-Q_(A/_)=i&. ^ 48j 

Furthermore, (/+,/_) satisfies the following estimate: 

HAi+IU 2 ^) + ||A/_|| L 2( R3 ) < ||V0 o |U 2 (s) + ||0i|U 2 (s) . (2.49) 

Remark 2.11 In view of the definition of U, M± and Q±, the estimates (I2.45P and 
(I2.49P correspond to the obtention of L? bounds for Fourier integral operators. Let us 
repeat that the classical arguments for proving L 2 bounds for Fourier operators are based 
either on a TT* argument, or a T*T argument, which requires in our setting taking at 
least 4 derivatives of the phase in L°°(So x §> 2 ) either with respect to x for T*T, or with 
respect to (A, u) for TT* (see for example JJE/)- Both methods would fail by far within 
the regularity for the phase u(x, u) given by Assumptions 1-4 and for the symbol b(x, u) 
given by <^M> (M) <^M>- 

2.4 Boundnessness on L 2 for pseudodifferential operators acting 
on R 3 with rough symbols 

Theorem 12.81 yields the following result on the L 2 boundedness of pseudodifferential op- 
erators acting on R 3 which corresponds to the case S = IR 3 , g = 5 and u(x,u) = x ■ u. 

Theorem 2.12 Let B the pseudodifferential operator with symbol b(x,u): 



Bf(x)= / e^bix^^fiX^X'dXdu. (2.50) 
Js 2 Jo 

We assume furthermore that b(x, u) satisfies: 

ll&lliys/afRS) + ||V6|| L ^ L 2 (Pn) + \\fVb\\ L 2 {R3) + ||d w &|| H i/ 9 +«, (R 8 ) < D, (2.51) 
for some constant D > and a > 0. Then, B is bounded on L 2 and satisfies the estimate: 

\\Bf\\ L 2 m <D\\f\\ L 2 m . (2.52) 



11 Since Sq is 3-dimensional 
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Remark 2.13 We do not claim that Theorem \2.12\ is an improvement compared to the 
vast literature on boundedness on L 2 for pseudodifferential operators. Its purpose is to 
give a warm up for the proof of Theorem \2.8\ i.e. boundedness on L 2 for Fourier integral 
operators on a 3 dimensional Riemannian manifold E. 

Remark 2.14 The assumptions (I2.5ip hold for any uG§ 2 with the constant in the right- 
hand side being independent of u. Thus, one may take the supremum in u everywhere. 
To ease the notations, we do not explicitly write down this supremum. 

Remark 2.15 In the Euclidean setting, the derivative )P simply refers to derivatives in 
directions orthogonal to u>. Also, the space L^L 2 (P U ) is defined with respect to u(x,u>) = 
x ■ u and the level surfaces of u are now planes P u = {x/ x ■ u = u}. 

Remark 2.16 The assumptions on the symbol b(x,u) in Theorem \2.12\ are slightly dif- 
ferent from the ones in Theorem \2.8\ In particular, we do not assume that b G L°°(IR 3 ) 
since this is a consequence of the assumption (12.511) and Sobolev embeddings in dimension 
3. Also, the assumption (I2.44p follows from assumption (12.511) . Indeed, let Aj denote 
the usual Littlewood Paley projections in IR 3 which localizes at frequencies of size 2 J . We 
may decompose Vb — b\ + b\ with b\ = A >:) V6 and b 2 = A<,-V6 and we obtain (I2.44p 
by using \\b\\ H3 /2^ < D. Finally, (12.511) only assumes Wd^bW^^+c^z^ < D while (I2.43P 
assumes essentially that HcL^Hi^R 3 ) is bounded. We may actually relax (I2.43P by replac- 
ing it with the analog of ||9 w 6|| J3 -i/2+a( R 3) < D. However, this would require to discuss 
fractional Sobolev spaces on E and would complicate the exposition. 

The rest of the paper is as follows. In section [31 we prove Theorem 12.121 In section HI 
we prove Theorem 12.81 Finally, we prove Theorem 12.101 in section 



While the conclusion of Theorem 12 .121 follows from Theorem l2.8l in the case (£, g) = (M 3 , S) 
where S is the euclidean metric, and u(x,u) = x ■ u, it will be instructive to perform the 
proof first in this simple case of a pseudodifferential operator on M 3 . This will clarify the 
main ideas, before turning to the proof of Theorem 12.81 for Fourier integral operators on 
a 3 dimensional Riemannian manifold S in section HI 

3.1 The basic computation 

Since the Fourier transform is an isomorphism of L 2 (IR 3 ), we may remove the Fourier 
transform in the definition (12.501) of B in order to ease the notations: 



3 Proof of Theorem f^T2 




(3-1) 
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We start the proof of Theorem 12.121 with the following instructive computation: 



WW 



L 2 



< 



+00 

b{x,u) I e iXx -" 




f(\u)X 2 d\ 



duj 



L 2 



< / \\b(x,u)\\ L ^ L 2 iPu) 

< D\\\f\\ L i m , 



'f(Xu)\ 2 d\ 



(3.2) 



where we have used Plancherel with respect to A, Cauchy-Schwarz with respect to u and 
(I2.5ip to bound ||&||l2°l 2 (p„) (note that the space L^L 2 {P U ) is defined with respect to 
u(x,u) = x ■ oj and the level surfaces of u are now planes P u = {x/ x ■ u = u}). f)3.2p 
misses the conclusion (12.521) of Theorem 12. 121 by a power of A. Now, assume for a moment 
that we may replace a power of A by a derivative on b(x, u). Then, the same computation 
yields: 

f /"+00 

Vb(x,oj)e iXxuJ f(\u)\d\duj 

2 ./ 

'+00 



< 



< D 



\\Vb(x,u)\\ L ^ L 2 iPu) 



i\x-i 



'f{\ij)\ 2 d\ 



du 



(3.3) 



L2 



which is (I2.52p . This suggests a strategy which consists in making integrations by parts 
to trade powers of A against derivatives of the symbol b(x,u). 



3.2 Structure of the proof of Theorem 12.121 



The proof of Theorem 12.121 proceeds in three steps. We first localize in frequencies of 
size A ~ 2K We then localize the angle u> in patches on the sphere E> 2 of diameter 2~- ? / 2 . 
Finally, we estimate the diagonal terms. 



3.2.1 Step 1: decomposition in frequency 

For the first step, we introduce <p and ip two smooth compactly supported functions on M 
such that: 

<p(\) + ^(2 _i A) = 1 for all A G K. (3.4) 

j>o 

We use (13 .4p to decompose Bf as follows: 



Bf(x) = B if( 
i>-i 



x 



where for j > 0: 



and 



Bjf(x)= / e tXxuJ b(x,u)ilj(2-3\)f(\uj)\ 2 d\duj, 
's 2 Jo 



B_J(x)= I / e lXxul b(x J Qu)ip(\)f(\uj)\ 2 d\duj. 
Is 2 Jo 



(3.5) 



(3.6) 



(3.7) 
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This decomposition is classical and is known as the first dyadic decomposition (see [To]). 
The goal of this first step is to prove the following proposition: 

Proposition 3.1 The decomposition (13. 5p satisfies an almost orthogonality property: 

\\Bf\\% im < WWbm + D2 Wf\\l>m- (3-8) 

J>-1 



The proof of Proposition 13.11 is postponed to section 13.31 
3.2.2 Step 2: decomposition in angle 

Proposition 13.11 allows us to estimate ||5j/|| L 2( K 3) instead of ||-B/||l 2 (k 3 )- The analog of 
computation (I3.2p for || || L 2( R 3) yields: 



WBjfWv^) < L>||AV(2- J 'A)/|| L2(R 3 ) < ^•||V(2^A)/|| L2(R 3 ) , (3.9) 

which misses the wanted estimate by a power of 2 J . We thus need to perform a second 
dyadic decomposition (see [TB]). We introduce a smooth partition of unity on the sphere 
§ 2 : 

Vj{") = 1 for all to E § 2 , (3.10) 

where the support of 77J is a patch on S 2 of diameter ~ 2~^ 2 . We use (I3.10P to decompose 
Bjf as follows: 

where: 

/r+00 
I e iXxuJ b(x,u)ij(2- j \)rf(Lo)f(\uj)\ 2 d\duj. (3.12) 

We also define: 







7-1 = \\<p(*)f\\v>(B»), Ij = ll^( 2 J A)/||i3(H3), j > 0, , . 

7 J = U(2-J\x(u)f\\ L2m , j>o,ver, [6 - i6) 



2 - E 7? = E E^) 2 - (3-i4) 



which satisfy: 

\\f\\L>, 

j>-i j>-i uer 
The goal of this second step is to prove the following proposition: 

Proposition 3.2 The decomposition (13.111) satisfies an almost orthogonality property: 



The proof of Proposition 13.21 is postponed to section I3.4L 
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3.2.3 Step 3: control of the diagonal term 



Proposition 13.21 allows us to estimate ||5J/|| L 2( K 3) instead of || £>,,■/ || £ 2( R 3). The analog of 
computation (13.2p for H-BJ/H^^s) yields: 



Bjf\\ L 2 (m < / \\b{x,u)\\ L «, L 2 {Pu) 



e 



iXx-ui 



ijj(2- ] X)^(u)f(Xu)X 2 dX 



du 

Lit.,,, 



< D v /vol(supp(^))||A^(2^A)^(u;)/|| L2(R 3 ) 



(3-16) 

where the term ^ / vol(supp(r/J)) comes from the fact that we apply Cauchy-Schwarz in u. 

Note that we have used in (I3.16P the fact that the support of if^ is 2 dimensional and has 
diameter 2~ J / 2 so that: 



vol(supp(7#)) < 2-^ 2 . (3.17) 

Now, (13.161) still misses the wanted estimate by a power of 2 J//2 . Nevertheless, taking 
advantage of the regularity of d^b given by (I2.5ip . we are able to estimate the diagonal 
term: 

Proposition 3.3 The diagonal term B v -f satisfies the following estimate: 

\\B»f\\ L 2 m <D^. (3.18) 



The proof of Proposition 13.31 is postponed to section 13.51 
3.2.4 Proof of Theorem I2A21 

Proposition 13. l\ I3~2l and I3~31 immediately yield the proof of Theorem 12.121 Indeed, (I3.8j) . 
(EH, (13TT5]) and (EH imply: 

II^/IIl 2 (r3) ~ E H^i/lli 2 ^ 3 ) + ^ll/lli^R 3 ) 

s EEWiSw + ° 2 E t? + d2 ii/h 2 ^ 

i>-i ^er j>-i 



(3.19) 



<^ 2 EEK) 2 + ^ 2 E% 2 + ^ 2 ii^ 

i>-i ver j>-i 
<D 2 ff\\h m , 

which is the conclusion of Theorem 12.121 I 
The remainder of section El is dedicated to the proof of Proposition 13.1} 13.21 and 13.31 



3.3 Proof of Proposition 13. 11 (almost orthogonality in frequency) 

We have to prove (13. 8ft : 

\\Bf\\h im < J2 H^'/Hiw) + D'WfWhm- (3-20) 

J>-1 
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This will result from the following inequality using Shur's Lemma: 

B j f(x)Bj^)dx < D 2 2-^ ljlk for \j - k\ > 2. 

3.3.1 A first integration by parts 

From now on, we focus on proving (13.2ip . We may assume j > k + 3. We have: 



(3.21] 



B J f(x)B k f(x)dx 



s 2 Jo Js 2 Jo 



AXx-ui—iX 1 xuj' 



b(x, u)b(x, cu')dx 



(3.22) 



x^(2-i\)f(\u)\ 2 ^(2- k \')f(\'u')(\'yd\dujd\'du'. 



We integrate by parts with respect to d x . u in J R3 e 1 ^'^ tX ' x '' 
fact that: 

1 - > iXx-uj-iX'x-uj' 



b(x,un)b(x,uj')dx using the 



AXx-lo— iX'x-uj' 



A — X'ui ■ u' 



d x .Je 



(3.23) 



We obtain: 



AXx-uj—iX x-uj 



b(x, uj)b(x, oj')dx = i e 



.MW d x .J}{x,u)b{x,<J) 
X- X'uj ■ uj 1 



dx 



' ' 6 A-A'wa;' 



(3.24) 



Since |A'u; • u/| < A, we may expand the fractions in ( 13. 24ft : 

X - X'uj ■ ui 1 ~ ^ X V A 

p>0 v 

For p e Z, We introduce the notation Fj^ p (x ■ uj): 



(3.25) 



Fj,p(x • uj) 



AXx-i 



'^(2- j X)f(Xu)(2- J X) p X 2 dX. 



p>0 p>0 



Together with (ET2211 . fl3T2^j) and this implies: 

where A* and A 2 are given by: 

d x . UJ b(x,uj)u p Fj-p-i(x ■ u))duj 



(3.26) 



(3.27) 



R :j VS 2 



b(x, u]')ui' p F^p{x ■ uj')duj' J dx, 



(3.28) 



and 



^42 _ <2-i-p(j-k) 



X 



/ ( / 6(a;,a;)w iH " 1 F i ,_p_i(a:-a;)dw J • ( / Vb(x, uj')uj ,p F k)P {x ■ u')duj' ) dx. 

JR3 Vis 2 / Vis 2 ' / 



(3.29) 



17 



Remark 3.4 The expansion (I3.25P allows us to rewrite J R3 Bjf(x)B),f(x)dx in the form 
(I3.27p . i.e. as a sum of terms A x v , A 2 . The key point is that in each of these terms - 
according to f !3.28|) and (13. 29j) - one may separate the terms depending of (A, u) from the 
terms depending on (X',u'). 



3.3.2 Estimates for A\ and A 2 p 

The term containing one derivative of h in f!3.28|) may be estimated using the basic com- 
putation (13.21) : 



d x -ujb(x, u)u p Fj- p _i(x ■ u)du 



L 2 



< 



\d x ^b(x, u)u p \\ L ov L 2 {Pu) ||F i _ p _i(x • u)\\ L 2 ju 



(3.30) 



< \\Vb\\ L ^ LHPu) \m2^X)f(Xuj)(2-^)- p - 1 X\\ L , 

< D2 p+1+j lj , 



where we have used the assumption (12.511) on b and the fact that (2 _ - J A) _1 < 2 on the 
support of %1){2~^X). In the same way, the term containing one derivative of b in (13. 29j) 
may be estimated by: 



Vb(x, cj')oj' p Fk, p (x ■ u')du' 



L 2 



< 



\\Vb(x,u')uj' p \\ L ^ L 2 {Pu) \\F kiP (x ■ u')\\ L 2 dJ 



(3.31) 



< ||V6|| LS o L2( p tt) ||^(2- fc A')/(AV)(2- fc A / ) p A'|| L2 

< D2 p+k lkl 



where we have used the assumption (I2.5ip on b and the fact that (2~ fc A') < 2 on the 
support of ift(2~ k X'). 

Note that Proposition 13.21 together with Proposition 13.31 yields the estimate: 



WW* 



< 



£>7 



3i 



(3.32) 



for any symbol b satisfying the assumptions (12.511) . Now, the term containing no derivative 
of b in (I3.28P has a symbol given by b(x, u')u' p which satisfies the assumptions (12.511) since 
b does. Applying (I3.32p . we obtain: 



b(x, u')u' p Fk, p (x ■ u')du' 



L 2 



< Dm2- k X')f(X'u')(2- k Xr\\m m 

< D2 p lk . 



(3.33) 



In the same way, the term containing no derivative of b in (I3.29P has a symbol given by 
b(x,u)uj p+1 which satisfies the assumptions (I2.5ip since b does. Applying again (13.321) . we 
obtain: 



b(x, tu)uj p+1 Fj^p-i(x ■ co)dui 



L 2 (R 3 ) 



< J D||^(2^A)/(Ao;)(2^A)- p - 1 || L2 

< D2 p+1 lr 



(3.34) 



Finally, the definition of A 1 (I3.28P and the estimates (I3.30P and (13.33j) yield: 

\A\\ < D2 2 ?-rt- k ^ j7k , Vp > 0. (3.35) 
Similarly, the definition of A 2 (I3.29P and the estimates ( 13 .3 1 j) and (I3.34p yield: 

\A\\ < D2 2 ^ +1 ^ k h 3lk , Vp > 0. (3.36) 

(1335]) and fl3T36|) imply: 

E 1^1 + E \ A l\ S ( E 2- p(j - fc ' 2) ) 7,7, < ^2-^ fc ) 7j7fc , (3.37) 

p>l p>0 \p>o / 

where we have used the assumption j — k — 2 > 0. (I3.27P and (I3.37P will yield (I3.2ip 
provided we obtain a similar estimate for A\. Now, the estimate of A\ provided by (I3.35P 
is not sufficient since it does not contain any decay in j — k. We will need to perform a 
second integration by parts for this term. 

3.3.3 A more precise estimate for A\ 

From (I3.28P with p = 0, we have: 



Al = 2- j ( d x ^b(x,u)F jfi (x ■ u)du J B k (x)dx. (3.38) 

JR 3 Vis 2 ' / 

Since b(x,u) is assumed to be in if 3//2 (M 3 ), we may only make one half integration by 
parts. To this end, we decompose d x .Jo as in Remark 12.161 Let Aj denote the usual 
Littlewood Paley projections in M 3 which localizes at frequencies of size 2 J . We decompose 
d x -u}b = b{ + b\ with b{ = A > jd x . u) b and b° 2 = A<jd x . w b and we obtain 

II^IU^rs) < D2~i and || VV 2 \\v> m < D2 1 * (3.39) 
by using ||&||# 3 / 2 (r 3 ) < D. In turn, this yields a decomposition for A\: 

Al = Al tl + A\ 2 (3.40) 



where: 



Al A = 2~ 3 \ / b{(x,u)F jfi (x ■ u)du B k (x)dx 



(3.41) 



^02 = 2 3 / I / b J 2 (x,u)Fj ! o(x ■ u)du I B k (x)dx. 
</R 3 Vis 2 ' / 

We first estimate Al v We have: 

duj 



A\ x \ <2 j / b{(x,u)F jfi (x-Lu)B k (x)dx 

is 2 </R 3 

<2 J / \\K(-^)\\L\M?)\\F jfi \\LlJ\ B k\\L^L\p u )d^ (3.42) 
Js 2 



3™ 

< D2~ 2 / WFahW r,2 \\B k \\TO0T2(p\(k0, 



j,0\\LlJ\&k\\LZ>L2(P u )( 

2 
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where we have used (I3.39P in the last inequality. Plancherel yields: 

H^olk,_ < ||V(2- J 'A)/(Aa;)A|| L2(R 3 ) < 2* 7i . (3.43) 

In view of (13.421) . we also need to estimate \\B k \\ L ^ L 2^ Pu y We have: 

i i ill 

||-6fclU-£2(P u ) < \\B k \\ 2 H1(m \\B k \\ 2 L2(m < Di'y k 2 \\B k \\ 2 Hl(m , (3.44) 



where we have used a standard trace Theorem for the first inequality, and (13.321) for the 
second inequality. We still need to estimate || VB k \\ L 2/ R 3\. We have: 



(3.45) 



s 2 Jo 



+oo 



S 2 JO 



i2 k / / e lXx -"ub(xiU)^(2- k \)(2- k \)f(\iu)\ 2 d\diu. 



Using the basic computation (13 .2p for the first term together with the fact that V6 £ 
L£°L 2 (P M ), and (I3.32|) for the second term together with the fact that ub(x,u) satisfies 
the assumption (I2.5ip . we obtain: 

\\VB k \\ L , m <D2 k lk . (3.46) 
Finally, ( 13^2|) . (I3T43|) . (ET33|) and flOH]) yield: 

\Al >x \<D2-^ ljlk . (3.47) 

3.3.4 A second integration by parts 

We now estimate the term Aq 2 defined in (I3.4ip . We perform a second integration by 
parts relying again on (13. 23 p . We obtain: 



^02 = 2 2j / ( / d x . u b 3 2 (x,u)F jfi (x ■ u)du ) B k (x)dx 



+2~ 2j ( b J 2 (x,u)ujF jfi (x ■ u)dco ) ■ ( / Vb(x, u')F kfi (x ■ u')du' J dx H , 

Jw? Vis 2 ' / Vis 2 / 

(3.48) 

where we only mention the first term generated by the expansion (I3.25p . In fact, the other 
terms are estimated in the same way and generate more decay in j — k similarly to the 
estimates (EQ5j) fl3T36|) . 

The first term in the right-hand side of ( I3.48P has the same form than Aq x defined in 
(I3.4ip where b{ is replaced by 2~ j d x . UJ b 2 . By (I3.39p . 2~ j d x . LO b 2 satisfies: 

||2-^.^ 2 || L2(R3) < D2~i. 



Since b x - and 2 ^d x .JP 2 satisfy the same estimate, we obtain the analog of ( I3.47P for the 
first term in the right-hand side of (13.481) : 



>"2j 



d x -Lub 2 {x, u)Fjfi(x ■ u)du B k {x)dx 



< D2-^r ljlk . (3.49) 
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We now estimate the second term in the right-hand side of (13.481) . Recall that b 3 2 
A<jd x .ujb so that together with the assumption (j2.51j) . we have: 



\\ b ih^ l 2 (p u ) < D. 



(3.50) 



We estimate the scorn term in the right-hand side of (I3.48[) using the assumption (12.5ip . 
the basic computation (13.21) and (I3.5Q[) : 



2 -V 

< 2~ 2j 

< 2- 2j 



bl(x, u)uFj^(x ■ u)du 



V&(x, uj')F k $(x ■ u')du' j dx 



Z 2 



L 2 



Vb(x, uj')Fkfl{x ■ (jj')du' 



L 2 



\\bi(.,u)u\\ L c. L 2 { p u) \\F ji0 \\ L i u du 



x ( jf ga l|V6(.,a;)|| iS o i 2(p u) ||F M || i a. (ii dw 
Finally, (13T48D . fl3^9|) and (133H imply: 



K 2 \<D 2 2~^ 



(3.51) 



(3.52) 



3.3.5 End of the proof of Proposition 13. ll 

Since A\ = A\ + A\, the estimate (I3.47P of Al ± and the estimate (13.521) of A\ 2 yield: 

\Al\<D 2 2-^ ljlk . (3.53) 
Together with (13.271) and (13.371) . this implies: 



B J f(x)B k f(x)dx 



< D 2 2-^ ljlk for \j -k\>2. 



Finally, (I3.54p together with Shur's Lemma yields: 



\\Bf\\ 



< 



(3.54) 



(3.55) 



i>-i 



This concludes the proof of Proposition 13.11 



3.4 Proof of Proposition 13.21 (almost orthogonality in angle) 

We have to prove (13.151) : 
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This will result from the following inequality: 



B L ;f(x)B^f(x)dx 



< 



2i"/2(2i/ 2 |z/-z/|) 



2-a ' 



\u-i/\ ^ 0, 



(3.57) 



where a > 0. Indeed, since S 2 is 2 dimensional and 1 < 2^ 2 \v — v'\ < 2 J//2 for i/, j/ e T 
and f z/, we have: 



E oia/2roi/2|,y 



S1 J P ^2W2( 2 i/2| zy _ zy '|)2-a 



< C„ < +oo Va > 0. 



(3.58) 



Thus, ( I3.57P and (I3.58P together with Shur's Lemma imply (I3.56p . 



3.4.1 A second decomposition in frequency 



From now on, we focus on proving (13.571) . Integrating by parts twice in J R3 B^f{x)B v - ' j{x)dx 
would ultimately yield: 



BU(x)B»'f(x)dx 



< — . \v-l/\j:0. 



(2i/ 2 \v-v'\) 2 

This corresponds to the case a = in (I3.58P and yields to a log-loss since we have: 

1 



(3.59) 



(3.60) 



To avoid this log-loss, we do a second decomposition in frequency. A belongs to the 
interval [2 J_1 , 2 J+1 ] which we decompose in intervals /&: 



[2 j -\2 j+1 ]= [j I k where diam(4) ~ 2 j 

l<k<\v-v'\-°< 



V — V 



(3.61) 



Let (ftk a partition of unity of the interval [2 J 1 , 2 J+1 ] associated to the i&'s. We decompose 
Bjf as follows: 



(3.62) 



Kk<\u-u'\- a 



where: 



Bff(x) 



We also define: 

u,k 



e iXx -"b(x, w)V(2- J A)^(o;)0 fc (A)/(Aa;)A 2 dArfw. (3.63) 



7^ = ||V(2- J A)^(a;)0 fc (A)/|| i2(K 3 ) , j > 0, u e T, 1 < k < \v - v' 
which satisfy: 



u,k\2 



\<k<\v-v'\- a 



(3.64) 
(3.65) 
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3.4.2 The two key estimates 

We will prove the following two estimates: 



v'k . 



< 



t~\2 v,k v'k 



2^/2(2^72^-^1)2- 



\v-v'\ ^0, 1 < k < \v- v' 



and 



Bff(x)B»'> K 'f(x)dx 



v',k' 
j 



2 v,k v',k' 



r~i7 v,k i> 



~ \k - A;'|2i( 1 -«/2)/2( 2 i/2| Z y _ u >\y+a/2' 
for \u - i/| ^ 0, 1 < k, k' < \u — u'\- a , k ^ k' . 



(3.66) 



(3.67) 



([3ISSD and (13T67D imply: 



B»f(x)B?f(x)dx 



< 



V /' Bff(x)B»'> k f(x)dx 



l<fc<|i/-!/'|- 

+ 



< 



E 

i<fc^fe'<|i/-i/|- 

E 



BfHx)B"'*l(x)dx 



t-)9 f.fe 



2i«/2(2i/2|i/-i/|)2-a 
l<fe<|v-lX|-a V 1 17 



(3.68) 



< 



i<fc^jfc'<|v-iA 



,,_ a |ife - #12* M )(2J'/ 2 |z/ - i/'|)i+«/2 



2?"/*(2?/ 2 \v - i/\) 2 - a ' 
where we have used (I3.65P in the last inequality and the fact that: 

1 



sup 



E 



- < a|log(|i/-i/| 



(3.69) 



i< fc <|,-,r%< fc ,<|^,|- QifcYfc \ k ~ k ' 
Since (I3.68P yields the wanted estimate (I3.57p . we are left with proving (13.661) and (13.671) . 

3.4.3 Proof of (137561) 



The estimate (I3.66P will result of two integrations by parts with respect to tangential 
derivatives. By definition of y/, we have y/h = Vh — (V w ^)cu for any function h on 
R 3 . In particular, we have y/(x ■ uo) — and J/(x ■ oo') = oo' — (oo' ■ 00)00. Now, since 
\oo f — {00' ■ oo)u\ 2 — 1 — (00' ■ 00) 2 , this yields: 



iArr-aj— iX x-ui 



i\x-ui—iX x-ui' 



where 



- (UO'-UO) 2 

OO' — {00' ■ 00)00 
6= y/l-(W-uf 



(3.70) 



(3.71) 
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is a tangent vector with respect of the level surfaces of x ■ oj. Similarly, we have: 

^iXx-ui — iX'x-ui' \ rrf / ^iXx-ui— iX'x-ui' \ Yi) 

Xy/1-(U' -Uj)^ e ' K h ^ ' 1 

where 

e' = {U ■ (3.73) 
VI - p ■ ^) 2 

is a tangent vector with respect of the level surfaces of x ■ a/. For p G Z, We introduce 
the notation Fj^ p {x ■ uS): 

r+oa 

F hKp {x -u)= e iA ^V(2- J A)0 fc (A)/(Aa;)(2^A) p A 2 rfA. (3.74) 



We integrate once by parts using (J320D in / R3 Bj' f(x)Bj ' k f(x)dx and we obtain: 

f Bff{x)B^ k f{x)dx (3.75) 

JR3 



+2" 



/ 1 l= 4F 3 - fct o(a; • w)F i>fc _!(a; • a/)??J(a;)^ (to')dcuduj'dx 



:! 3 x S 2 x s 2 a/1 - (a/ • a;) 2 



M 3 xS 2 x§ : 



ib(x, u)VMx' lu') „ . .— ; — ,.. . „/. ,. , , . 

V ; > -^ FjA0 (x ■ uj)F jX ^{x ■ u>X(u)tf (u')dcoduj'dx. 

2 \/l - fa;' - a;) 2 



We then integrate a second time by parts using (I3.72p (so that there is at least one 
tangential derivative on b(x,u'))\ 



Bff(x)B^ k f(x)dx (3.76) 



2 3 \ — - F jA0 (x ■ u)Fj tk - 2 \x ■ u')r] j (u)r] j (u jdudu dx 

iR3 X §2 X§2 l - [u'-uy 



+2"* [ feK^) fe^W) F , (g . u)F {x . uj')^{uj)^{uj')dujdJdx 

+2 J / — F j)k -i{x -ujFj^-^x ■oj')rj i (uj)rj 1 (uj)dududx 

Jr3x§ 2 xs 2 l-(o;'-a;J 2 

+2 J — - F jjk ^ 1 (x-u)F jtk ^ 1 (x-u')r] j (u)T] j (ui)dududx. 

jr3 X § 2 xs 2 i- [u -uy 

Control of the right-hand side of (13. 76p . We now estimate the four terms in (13.761) . 

Using the fact that: 

/ , |w-a/| 2 
tj-tj =1 , (3.77) 

we obtain the following expansions: 



1 

1 - (a; • a;') 2 ~ \v 
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and 



v' — (V ■ v)v 



p+q>l 



y/l - (Z/ ■ Z/) 2 ^ ^Hll/-^ 1 



W — Z/ \ I UJ — z/ N 



z/ — z/' 



(3.79) 



where c 1 ^, g and c 2 are constants. The expansions (13.781) and (13.791) allow us to rewrite the 



four terms of J R3 B v - ,k f{x)B v - ,k f(x)dx such that one may separate the terms depending of 
(A, uj) from the terms depending on (A', u/). For instance, the first term in the right-hand 
side of (I3.76P becomes: 



2-3 



E 

p+q>0 



R 3 V§ 2 



fVb(x,u)F j , kfi (x ■ uj) 



uj — V 



\v — V 



rfAoj)duj 



x ( / b(x,uj')F j)k _ 2 (x ■ (J) 



V — V 



T) V -{u')dJ ) dx 



(3.80) 



where c Ptq are constants. Since we have: 



\u) — v\ 



< 



1 



\v-v'\ ~ 2i/ 2 \u-u'\ 



and 



Iw'-i/l 



i/ — i/' 



< 



2j/2|i/-i^| 



(3.81) 



the terms in the expansion (I3.8(jp have more and more decay, and it is enough to consider 
the first one. We have: 



2~3 



{2H 2 \v-v>\f 



R 3 \JS 2 



y/Vb(x,u)Fj >k)0 (x ■ u)rfAu)duj 



x ( / b(x,u')Fj^~2{x ■ UJ ') r t'j (u')du' ) dx 



< 



2~i 



{23/ 2 \v-v'\y 



iyv6|| 



L- 



(3.82) 



b(x,co')Fj j k,-2(x ■ cu')r)j (uj')duj' 
Using the estimate for the diagonal term (13.181) yields: 



L 2 (]R 3 ) 



b(x,uj')F jA _ 2 (x ■ u/)t#V)(2u/ 



(3.83) 



L 2 (R 3 ) 



Using Cauchy Schwartz in A together with the size of the support of <fi k yields: 

ll*WllzR. <2«/V- I /|f||^(2-^ fc (A)/(Aa;)A|| L2 . (3.84) 



Finally, the assumption ( I2.5ip on b(x,u), the size of the support in uj, (I3.82p . ( I3.83P and 
(13TM]) imply: 



2~3 



y7Vb(x,cu)Fj tki0 (x ■ u)rj U j{u)du 



(23/i\v-v>\y 

x / b(x, u')Fj )k _2{x ■ u')!]" (u')du' ) dx 



< 



D 2 \v-v' 



v,k v',k' 



(3.85) 



(23/ 2 \v-v'\) 2 '3 '3 
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which satisfies the wanted estimate (I3.66p . The last term in the right-hand side of (I3.76P 
is estimated exactly in the same way. 

Control of the second term in the right-hand side of (13. 76 p . We still need to 
estimate the second and the third term in the right-hand side of (I3.76p . Estimating them 
directly would yield the estimate (I3.59j) and ultimately the log-loss (13.601) . Thus, we need 
to integrate by parts once more. We first consider the second term in the right-hand side 
of f)3.76p . Integrating by parts using (I3.72p yields: 



2- 2j / feK ^ U WA*> "0 F {x . u,) FjA _ 2 (x ■ uj'X{uX\J)dwdJdx (3.86) 



+i2 / r7 -^j- 2 F jjk ^ 1 {x-u)F jA - 2 (x-u / )r] j {L))r] j (u)dududx. 

The two terms in the right-hand side of (I3.86P are estimated in the same way, so we only 
consider the first one. It is estimated by: 



2 -3j 



V e 'f e b(x,u)V el b(x',u') 



3 X s2x§2 (i - (w ; ■ ujyyi 1 3 3 



< 



1 

2x§2 (1 - (u/~u,)*)W 
x||V6(x' \u')\\ L ™ L 2 {Pul) \\F jA _ 2 \\Ll^Vj(u)Vj\u')dujduj' 

i>,k v' ,k' /o o*7\ 

li 1, , (3-87) 



D 2 \ 


v-v' 


a 

2 


(2i/ 2 


\v-v'\Y 



where we have used Plancherel to estimate \\Fj k _2||i,2 , Cauchy-Schwartz in u and u', 
the assumption (12.511) on b, and the estimate (I3.84p . (I3.87P satisfies the wanted estimate 



Control of the third term in the right-hand side of (I3.76P and end of the proof 

of (I3.66p . Finally, we consider the third term in the right-hand side of (13. 76 p . Neither of 
the two terms V e '6 and V e 6 contain tangential derivatives, so integrating by parts directly 
would require to control two normal derivatives of b, which is not part of the assumptions 
(I2.5ip . We first remark using the definition (13.711) of e and (13.731) of e' that: 

e + e = — , (3.88) 

which yields the estimate: 

e + e < \v- v\. (3.89) 
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This allows us to rewrite the third term in the right-hand side of (I3.76P as: 



o-2j f V e >b(x,uj)V e b(x',uj') — v , 

2 3 — F jjk _ 1 (x-u)F jjk ^ 1 (x-u')r] j (u)r] j (u)dududx 

J]R3xS 2 xS 2 1 ~ ' ■ UJ) 2 

o-2j f f e b(x,uj)V e b(x',uj') — u , 

= 2 3 — - Fj tk -i(x ■ w)F jtk) -i(x ■ u')7] j (u)T] j [uj )dujduj dx 

Jir3xs2 X §2 l - [uy ■_bfy__ 

n-2i f V e+e >b(x,uj)V e b(x',uj') — ^ v , , , 

+2 3 / — F j)k _ 1 {x-uj)F jA _ l {x-uj')7]Auj)r] j {uj)dujdujdx. 

JR3 XS 2 X§ 2 L~ [OJ ■ UJ) 

(3.90) 

The first term in the right-hand side of (I3.90p is estimated in exactly as we proceeded 
for the second term in the right-hand side of (I3.76P (i.e. by performing an additional 
integration by parts with the help of (I3.72p ). The second term in the right-hand side of 
( I3.90P is estimated directly by: 



2 -2i 



l xS 2 xS 2 

\e + e' 



V e+e <b(x,uj)V e b(x',uj') — v , 

— Fj,h,-i\? ■ ^)Fj,k,-n x ' u )Vj i^JVj (w )dujduj dx 

1 — yuj ■ uj ) 



- 2 2 I 1 T~t ^ll V ^^)IU-L 2 (P u )ll^,fc,-illL2.„||V6(x',a; , j||L-L2(p ti/ ) 

JS 2 xS 2 ' '' 



x ll^,fc,-illL 2 ,Vj(u)Vj '(u')dujduj' 



< 



D 



2 



7Klf^' k , (3.91) 



2i/ 2 (2i/ 2 |z/- 13 13 



where we have used Plancherel to estimate \\F~ k _i II r? and \\Fj k -iIIl 2 > Cauchy-Schwartz 

x u ..... ' .. ' 

in uj and uj', the assumption (12.511) on b, and the estimate (13.891) . (13.911) satisfies the wanted 
estimate (13.661) for < a < 1. We now control all the terms in the right-hand side of 
(I3.76P which concludes the proof of (13.661) . 

3.4.4 Proof of fl3~67D 

The estimate (I3.67P will result of two integrations by parts, one with respect to the normal 
derivative, and one with respect to tangential derivatives. We first integrate by parts with 
respect to d x . w in J R3 B v - ,k f{x)B v - ,k f{x)dx using (I3.23p . We obtain: 

OO /"+00 



Bff(x)B»'' k 'f(x)dx 



x g2 x §2 Jo Jo A — X'uj ■ uj' 
xd x .^b{x,u)b{x,u'X{uX\J^^ 

xf(Xuj)f(X'uj')X 2 X' 2 d\dX'dujduj'dx+ f ' (3 ' 92) 



i xS 2 xS 2 Jo Jo A — X'uj ■ uj' 
x6(a;, W )^6(x, W O^M<(wO^(2- J A)^(2^A / )0 fc (A)^(A / ) 
xf(Xuj)f(X'uj')X 2 X' 2 dXdX'dujduj'dx. 

We then integrate a second time by parts using (I3.70P for the first term in the right-hand 
side of (13 .92 p . and using (I3.72p for the second term in the right-hand side of (I3.92j) (so 
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that there is at least one tangential derivative on b(x,co')). We obtain: 

hoo f+oo 



Bff{x)B^ k 'f{x)dx 



' m *xs 2 xs 2 Jo Jo (A — X'co ■ co') X' a/1 — {uj ■ co') 2 



1 



xyA-K^^)^^0^H^(^0^(2" J A)V'(2- J A0(/. fc (A)^(A / )/(Aa;)/(AV) 



x X 2 X' 2 dXdX' dcodco' dx + 
xd x . UJ b(x,u)V e b(x,u')r] 
x A 2 A' 2 dXdX' dcodco' dx + 



x§ 2 xs 2 Jo Jo (A - X'lo ■ u/)A'a/1 - (uj ■ to') 2 
xd x .^b(x,u)V e b(x,u')^(uX\u')^X)^X')M 

xs 2 xs 2 Jo Jo (A — X'co ■ w')Aa/1 — (w • co') 2 
y.V e ,b{x,u)d x .J>{x,u'X{u)r^^ 

x X 2 X' 2 dXdX' dcodco' dx + 



3 x§ 2 xs 2 Jo Jo (A - X'co ■ w')Aa/1 - (w • co 1 ) 



2 



xb(x,u)f e ,d x .ub(x,u')r)»(ujXXu')i}(2-iX^ 
x A 2 X' 2 dXdX' dcodco' dx. 

(3.93) 

Since |A - k2 j \u - z/| a | < 2'->\v - v'\ a on the support of (p k and |A' - k'2 j \v - v'\ a \ < 
2i\v — u'\ a on the support of 0*./, we have the following expansion: 



1 1 \^ ( ^~ k2 j \v -v'\ a \ 

1^1^ C ^ r \{k-k')2^-v'\ a ) 



X- X'co -co' (k - k')2i\v - v 



p,q,r>0 



X 



(k - k')2i\v - v'\ 
For p G Z and q G N, we introduce the notation Fj } k tPtq (x ■ co): 



A'! 


co — co'\ 


2 


(k - k')2i\v - 




a 



(3.94) 



iA, w . ) ,o-i^^, nu,,,^n P /A-fc^-i/'^ " 



iW* • w) = / e^^(2^A)0 fc (A)/(Au;)(2^A) p ( ^ v _^ a ' ) A 2 dA. (3.95) 







fl3T93|) . (EUD and (l3~95j) yield: 

/ Bj' k f(x)Bj ' k f(x)dx = ^ C p,5,r(^4p^,r + + ^p!g,r + ^p' 

J * 3 P,9,r>0 

where Aj;J r , Aj; 2 r , A 2 p f q T and A 2 ; 2 r are given by: 

= 1 / 1 



(3.96) 



x 



\lo 


-co'\ 2 


\v 


- v'\ a 



(3.97) 



.4 



lp2g ' r (k ~ k')P+«+r+i2V\v - V>\* 7 R a x§2x§2 y/l-(u>. co') 2 



\co — 


J\ 2 


\v — 


v'\ a 



(3.98) 



x ( T7. — ~ I d x . UJ b(x,co)F jMp (x ■ u)V e b{x,u')F jjk ^ r _ hq (x ■ co')dcodco'dx, 
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A 2 ' 2 

p,q,r 







— 


u/| 2 


\v — 


v'\ a 







(3.99) 



x ( — t — ) V e 'b(x,Lo)F j>k ^ 1>p (x ■ u)d x .J)(x, u')F jjk , jrtq (x ■ u')dudu'dx, 

and 



(k - A;') p+9+r+1 2^> - v'\ a i K 3 X§ 2 x§2 u') 2 







\v 


- u'\ a 



(3.100) 



x ( ; _ ) b(x, uj)F jtk „ ltP (x ■ uyf el d x .J){x, u')F j>k , >r>q (x ■ u')dudJdx. 



Control of A^ r , A^ qr , A 2 ' qr and Ap qr . We start by evaluating Ap qr . We have: 

1 f 1 



x||F jiM J L 2 JV&(xV)|| L ^ L 2 (Pu ^ 
t-)2 v,k v 1 ,k' 

< 7i Ji (31011 

~ (fc _ fc/)p+g+r+l 2 i/2(l- Q )(2i/2| z/ y } 



where we have used Plancherel to estimate ||-^;-,fc,o,p||L2 „ and ||-^-,A;',r,g||L 2 , , Cauchy-Schwartz 
in oj and u' and the assumption (I2.5ip on b. We control A 2 ' q r in the same way. 

It remains to estimate A^ q r and A 2 ' 2 r . They are controlled in the the same way, so 
we focus on estimating A^ q r . Using the expansions (I3.78P and (I3.79p . we obtain: 



^M,r ~ C P:1,r,l,mAp q r l rn , (3.102) 



l,m>0 

where A l p f qrlm are given by: 

,U 1 



A 



p,q,r,l,m _ fc,y+ q +r+l2j(3/2-a/2) ^/ 2 \ V - u'\) 1+a 

-) fVb(x,u)F jA0 , p (x -w)^(w)dw I (3.103) 



i 

UJ — V ' 



§2 \\V - V 



b(x,u')F j>k r >r _ 1>q (x ■ Lo')r]j'(u)')(ko'Jdx, 
The terms in the expansion (I3.102p have more and more decay, and it is enough to consider 



29 



the first one. We have: 



(k - £;')P+g+r+l2i(3/2-a/2)(2i/2|j, _ u '\y+ot 



X 



K 3 \J§ 2 



fVb(x, u)F j>kAp (x ■ u)rfAu:)dw 



< 



x ^ b(x,u')F jik , ir _ liq (x ■ u')r]f (u')du' j dx 

[k - k')P+i+ r+1 2i( 3 / 2 - a / 2 \2i/ 2 \v - u'\) 1+a 

x ( / \\fVb(x,u)\\ L 2 {R3) \\F jjkfi J\ L ^tf(uj)duj 



(3.104) 



x 



b(x, oj')Fj t k' t r-i, q {x ■ w')r)j {uj')duj' 
Using the estimate for the diagonal term (13.181) yields: 



L 2 



b(x,oj')Fj ik r ir _ l q (x ■ (u')du)' 



<^7 



v'k' 



(3.105) 



L- 



Finally, the assumption (12.511) on b(x,u) } the size of the support in oj, the bound (I3.84p 
on \\F Mp \\ L o° u , fl3T03|) . fl3~T04"j) and (l3TT05|) imply: 



IA 1 ' 1 I < 

I p,q,r\ 



D 2 


v — v' 


n i/,k u'k' 

7,- 


(ft _ fc/)p+<H-r+l2j/2(l-a)(2i/2 


I/ - z/|) 1+Q 



(3.106) 



Summing in p, g, r the estimate ( J3.101]) and its analog for A 2, qr together with (I3.106p and 



its analog for A 2,2 r , and using (I3.96p . we obtain the wanted estimate (I3.67p . 
3.4.5 End of the proof of Proposition 13.21 



We have proved the estimates (I3.66P and (13.671) in the two previous sections. Since (I3.66P 
and (I3.67P yield (I3.57P (see section 13.4. 2p . this concludes the proof of Proposition 13.21 ■ 



3.5 Proof of Proposition 13.31 (control of the diagonal term) 

We have to prove (13.181) : 



\B V jf\\ 



L 2 (M 3 ) ^ D lj 



Recall that B v - is given by: 

B v if(x) 

where Fj(x ■ u) is defined by: 



Fj(x ■ u) 



b(x,uj)Fj(x ■ uj)r)j(u)cLu, 



(3.107) 



(3.108) 



e iXx - ul tP{2- j X)f{Xuj)X 2 dX. 
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(3.109) 



We decompose B v - in the sum of two terms: 
B v j f(x) = b(x, v) / Fj(x ■ u)rfAu)du + / (b(x,u) - b(x, v))Fj{x ■ u)rfAuS)du. (3.110) 
Notice that the first term in the right-hand side of (13. 1 10p is equal to 

(3.111) 



L 2 



(3.112) 



b(x,u) / F j (x-Lo)rf(u)du: = b(x } is)F- L (^(2~i\)rf(u:)f(\uj))(x), 
Js 2 

where J 7 denotes the Fourier transform on R 3 . Now, the assumption (I2.5ip on b imply 
that ||&||l°o(r3) < D. Together with (13. 1 lip , this yields: 

b(x, u) / FAx ■ u)r/Au)du 
We turn to the second term in the right-hand side of ()3.11Up . We have: 

(b(x, oj) — b(x, v))FAx ■ u)rfAuj)duj 
> J 

< I \\b(x,u)-b(x,u)\\ L ^ L 2 [Pu) \\F j \\ Llw r]j{u)duj. 

Now, i? 1 / 2+a (R 3 ) embeds in L™L 2 (P U ) for any a > 0, thus: 

\\b(x,u) - b(x,p)\\ L oo L 2( Pu) < \\b(x,u) - b(x,v)\\ H i/2+ a{R3) <\u- i/|||9 w 6|| H i/2+a. (3.114) 
Together with (13. 1 13j) . this yields: 



L 2 



(3.113) 



(b(x,co) — b(x, u))Fj(x • cj)r)j(cu)dcj 



L 2 



< I \uj - v\\\d u b\\ H i/2+ am \\F j \\ L 2 u tf(uj)du 



(3.115) 



where we have used Plancherel to estimate ||-Fj||i2 , Cauchy-Schwartz in u, the assump- 
tion (I2.5ip on b, and the fact that \u — v\ < 2~ J / 2 on the support of rjj. 

Finally, fl3TTT0|) . fl3TTT2|) and fl3.ll.5p yield the wanted estimate ( 13.1071) which concludes 
the proof of Proposition 13.31 ■. 



4 Proof of Theorem 12.81 (L 2 boundedness for Fourier 
integral operator) 

4.1 The basic computation 

We start the proof of Theorem 12.81 with the following instructive computation: 



b(x,u) I e iXu f{Xu)X 2 dX 
o 

+00 



du 



< I \\D{X,U)\\ L c* L 2 {Pu) 

< D\\\f\\„w, 
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L2( S ) 



e lXu f{Xu)X 2 dX 







du 



(4.1) 



where we have used Plancherel with respect to A, Cauchy-Schwarz with respect to u and 
f)2.5ip to bound ||6||l°°l 2 (p u )- (14.11) misses the conclusion (12.45P of Theorem l2.8l by a power 
of A. Now, assume for a moment that we may replace a power of A by a derivative on 
b(x,u). Then, the same computation yields: 



§ 2 Jo 



Vb(x,u)e iXu f(Xu)XdXdu 



< 



< D 



\\Vb(x,u)\\ L oo L 2 {Pu) 



L2(S) 



e lAu f(Xu)X 2 dX 



dbj 



(4.2) 



Li 



L2 (S ), 



which is (I2.45p . This suggests a strategy which consists in making integrations by parts 
to trade powers of A against derivatives of the symbol b(x,u). 



4.2 Structure of the proof of Theorem 12.8 



The proof of Theorem 12.81 proceeds in three steps. We first localize in frequencies of size 
A ~ 2 J . We then localize the angle u in patches on the sphere S 2 of diameter 2~ J / 2 . 
Finally, we estimate the diagonal terms. 



4.2.1 Step 1: decomposition in frequency 

For the first step, we introduce <p and if) two smooth compactly supported functions on M. 
such that: 

<p(\) + ^( 2 ~ iA ) = 1 for a11 A G BL (4.3) 

j>o 

We use (14. 3 p to decompose Uf as follows: 



Uf(x) = f/ ^( a; )' 



(4.4) 



where for j > 0: 



and 



Ujf{x) 



U-if{x) 



+oo 



iXu 



b(x, uj)ip{2- 1 X)f\Xuj)X 2 dXduj ) 



S 2 JO 



+oo 



b(x, u)(p(X)f(Xu)X 2 dXd(jj. 



(4.5) 



(4.6) 



This decomposition is classical and is known as the first dyadic decomposition (see {16]). 
The goal of this first step is to prove the following proposition: 



Proposition 4.1 The decomposition 

\\uf\\l 



satisfies an almost orthogonality property: 



< E \\Ujf\\hm + & 

j>-i 

The proof of Proposition 14.11 is postponed to section 14.31 



L 2 



(4.7) 
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4.2.2 Step 2: decomposition in angle 



Proposition 14.11 allows us to estimate Hi/j/Hi^) instead of Ht/fH^s). The analog of 
computation (14. ip for ||Z7j/||i^(s;) yields: 

WUjfWmx) < D||AV(2^A)/|| La(E) < ^'||V(2^A)/|| L2(R 3 ) , (4.8) 

which misses the wanted estimate by a power of IK We thus need to perform a second 
dyadic decomposition (see [IS])- We introduce a smooth partition of unity on the sphere 

Vj{") = 1 for all to EE 2 , (4.9) 

where the support of rfi is a patch on § 2 of diameter ~ 2 _J//2 . We use (14. 9 p to decompose 
Ujf as follows: 

Uif{x) = Y,Ujf{*)> (4-10) 



where: 



U»f(x)= / e lXu b{x,u)^{2- j \)rf{u)f{\u)\ 2 d\du. (4.11) 
is 2 Jo 



We also define: 



7-1 = hWfWmw), 7, = ||V(2- i A)/||£ 3(R 3 )> j > o, 

7 J = |^(2- i A)7 7 J(o;)/|| L2(R 3 ) , j > 0, z/ 6 T, 



(4.12) 



which satisfy: 

11/11^3) = E t}= EEK) 2 - ( 4 - 13 ) 

i>-i i>-i ^er 
The goal of this second step is to prove the following proposition: 

Proposition 4.2 The decomposition (14.101) satisfies an almost orthogonality property: 

\\m\i^)<T,\Mf\\i^)+ D ^l ( 4 - 14 ) 



The proof of Proposition 14.21 is postponed to section 14. 4[ 
4.2.3 Step 3: control of the diagonal term 



Proposition 14.21 allows us to estimate Hi/j'/Hi, 2 ^) instead of ||£/j/||l2(e). The analog of 
computation (14. ip for Hf/J/Hi^E) yields: 



UU\\l^)< / \\b(x,u)\\ L ~ L2{Pu) 



s 2 



-co 



e lXu i)(2- ] \)ri"(uj)f(\uj)\ 2 d\ 



du 



< 



D v / V ol( S upp(r7j))||AV(2- J A)^(a;)/|| i2(K 3 ) 



(4.15) 
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where the term yvol(supp(r/J)) comes from the fact that we apply Cauchy-Schwarz in u. 

Note that we have used in (14.15P the fact that the support of rf< is 2 dimensional and has 
diameter 2~ J//2 so that: 



vol(supp(7#)) < 2- j/2 . (4.16) 

Now, ( I4.15P still misses the wanted estimate by a power of 2 jf / 2 . Nevertheless, we are able 
to estimate the diagonal term: 

Proposition 4.3 The diagonal term Ujf satisfies the following estimate: 

WJfh^^D^. (4.17) 
The proof of Proposition 14.31 is postponed to section 14.51 

4.2.4 Proof of Theorem f2T8l 

Proposition 14. 1| 14.21 and 14.31 immediately yield the proof of Theorem 12.81 Indeed, (14.71) . 
(H33D, ( ESP and ( jT7D imply: 

WfWhm £ ^\\m\h& + &\\f\\ho*) 

j>-l ueT j>-\ 



(4.18) 



j>-i uer j>-\ 
<D 2 \\f\\ 2 mm , 



2 II t\\2 

L 2 



which is the conclusion of Theorem 12.81 ■ 
The remainder of section @] is dedicated to the proof of Proposition 14. 1\ 14.21 and 14.31 

4.3 Proof of Proposition |4J] (almost orthogonality in frequency) 

We have to prove (14. 7p : 

j>-i 

This will result from the following inequality using Shur's Lemma: 

< D 2 2-^ ljlh for | j - k\ > 2. (4.20) 



U j f{x)U k f{x)dE 



j 

s 



4.3.1 A first integration by parts 

From now on, we focus on proving ( I4.20p . We may assume j > k + 3. We have: 

U j f(x)U h f(x)dL= J J J J U^e iXu - iX ' u %(x,u)b(x,uj')di:) 

x^{2~ J X)f{Xu)X 2 ^{2- k X')f(X'u'){X') 2 dXdudX'du'. 
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We integrate by parts with respect to d u in J s e %Xu lX ' u 'b(x, cu)b(x, u')dH using the coarea 
formula (12. 27ft and the fact that: 

iXu—iX'u' ^ Q f iXu—iX'u' \ I a oo\ 

6 " X -\'±g(N,N>f u[e h [ ] 

where we use the notation u for u(x,co), a for a(x, co), N for N(x,co), u' for u(x,co'), a' 
for a(x, us') and N' for N(x, a/). We will also use the notation b for b(x, u), b' for b(x, u'), 
9 for 6(x,u) and 6 1 ' for 6{x,lo'). Using f!4.22p . we obtain: 

f F) W 

iXu-iX'u' bWdE= • / iA«-iAV ^00 

is \-\>±g(N,N') 

+ J, (A-A'^WJV')) 2 



where we have used (12.281) to obtain the third term in the right-hand side of (I4.23p . Since 
\X'- 9 rg(N, N')\ < A, we may expand the fractions in (14. 23ft : 



\-\>±g(N,N') 



p>0 

and 



^ 1 /A'^(Ar,AT')\ p 



(\-\>$g(N,N<))* 

For peZ, We introduce the notation F^ v [u): 

F jyP {u) = / e iA >(2- J A)/(Au;)(2- J A) p A 2 dA. (4.26) 
Together with pill . fl4T2"3"|) and this implies: 

/ UjftoujpjdE = J2 a I+J2 a2 p + Y^ a I + I2K ( 4 - 27 ) 

^ S p>0 p>0 p>0 p>0 

where A*, A^ and A\ are given by: 



p 



1(1 {Vnb + bt^aP^NPF^^^dw 



(4.28) 



b'a'- p N' p F k:P (u f )du' jtffi, 
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A 



ba p+1 N p+1 R 



'u)du 



(4.29) 



4 3 



Vb'a'- p N' p F Kp (u')duj'j dE. 
(p + i)2-J'-tP +1 ^- fc ) ! f [ b{V N aN + oVjvJVOoWFj- _ p _ 2 (u)dw 



and 



= (p + l)2^'-(f +1 )^'- fe ) 



(4.30) 



s Vs 2 



■ if _p_ 2 (u)dw 



y 6 / (Vlog(o')iV + VA^Oa'^-^'^p+i^O^dE. 



(4.31) 



Remark 4.4 The expansion (I4.24p allows us to rewrite J I ,Ujf(x)Ukf(x)d'E in the form 
(j4.27p , i.e. as a sum of terms A p , A p , A p! A*. The key point is that in each of these 
terms - according to (14.281) - 04.311) - one may separate the terms depending of (X,cu) from 
the terms depending on (A',u/). 

4.3.2 Estimates for A\ and A 2 p 

Let H(x,uf) a tensor such that \\H\\ L oo L 2^ Pu ) < D. Then proceeding as in the basic 
computation (|4.ip . we have for any p G Z: 



H(x, uj)Fj#{u)duj 



L2(E) 



< / \\ H \\L~LHP u )\\F jtP {u)\\ L 2 u du 
Js 2 

< ||F|U S3X2(Pu) ||V(2^A)/(Aa;)(2-^A|U 2(K 3 ) 

< D2^ 7r 



(4.32) 



where we have used the fact that 1/2 < 2~ J A < 2 on the support of tp(2~ : 'X). Now, 
Assumption 1 on the regularity of a, N, 9 and assumption (I2.42p on the regularity of b 
yield: 

\\{V N b + bti9)a p+1 N p \\ L o, L 2 {Pu) + \\Vb'a'- p N' p \\ L ~ LH P ul) 

+ \\b(V N aN + aV N N)a p N p \\^mp u) (4.33) 
+ ||6'(Vlog(a')iV' + VN')a'- p - l N' p \\ L ~ LHPul) < D, 

which together with (I4.32p implies: 



+ 
+ 
+ 



/ {V N b + b%xe)a p+l N p F j ^ 1 {u)duj 
Js 2 

[ Vb'a!~ p N' p F kiP (u')duj 
Js 2 



L2(S) 



b(V N aN + dV N N)cfN p F j> - p - 2 (u)<L 



UJ 



(4.34) 



L2(S) 

I b'{V\og{a')N' + ViV / )a , ~ ^, ~ 1 iV /? 'F fclP+ l(^i , )^ , 

i§ 2 



< 



D2 p+j lj . 



L2(S) 
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Note that Proposition 14.21 together with Proposition 14.31 yields the estimate: 

WUjfWvw < Dlj, (4.35) 



for any symbol b satisfying the assumptions ( I2.42p and f!2.43p . Now, the terms containing 
no derivative in fl4.28p - fl4.3ip have a symbol given respectively by b'a'~ p N' p , ba p+1 N p+1 , 
V a'~ p ~ l N' p+1 and ba p+1 N p+2 . These symbols satisfies the assumptions (JZ5S) and QZ25D 
since b does, and since a, N, 9 satisfy Assumption 1 and Assumption 2. Applying 
f)4.35p . we obtain: 



/ b'a'- p N' p F kiP (u')du' + [ b'a'- p - l N' p+1 F kjP+1 (u')du 

Js 2 L 2 (£) J® 2 



< 



L2(S) 



D2 p 7k , (4.36) 



and 



ba p+l N p+1 F j „ p -. l {u)du 



+ 



L»(E) 



/ ba p+l N p+2 F h ^ 2 {u)duj 
Js 2 



< 



D2 p 7j , (4.37) 



L2(E) 



where we have used the fact that 1/2 < 2 J A < 2 on the support of tp{2 5 "A). 

Finally, the definition of 4~4 given by fl4T2g]) - (IPTp and the estimates (OP . flU 
and (gZZD yield: 

141 < J D2 2 ^- fc ) 7j 7fc, Vp > 0, (4.38 



and 



|4| + |4| + |4| < D2 2p -( p+1 ^- k h jlk , Vj9 > 0. 
fl438|) and ffl~39l) imply: 



(4.39) 



E 141+ EMI + 1^1 + WD S D2-^(j2 

p>l p>0 \P>0 



\p>0 J 

< D2^-% lk , (4.40) 



where we have used the assumption j — k — 2 > 0. (I4.27P and (14.401) will yield f)4.20p 
provided we obtain a similar estimate for 4- Now, the estimate of 4 provided by (I4.38P 
is not sufficient since it does not contain any decay in j — k. We will need to perform a 
second integration by parts for this term. 

4.3.3 A more precise estimate for 

From (I4.28P with p = 0, we have: 



4 = 2- J 



(aV N b + btT8)F :jt - 1 (u)du U k (x). 



(4.41) 



We decompose Vat6 = b{ + b^ using the assumption (12.441) . In turn, this yields a decom- 
position for A^: 

4 = 4 >x + 4 )2 (4.42) 
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where: 



Al A = 2~ j J (J ab{F jfi (u)du?J U k {x)dE, 

Al >2 = 2- j j ( j (ab{ + btr9)F jfi (u)duj] U^x)dE. 



(4.43) 



We first estimate A\ v We have: 

dcu 



K il < 2 ~ 3 [ f ab{F jfi (u)U k (x)dZ 
Js 2 is 

< 2~ J / ||^il|L2(S)||a||L-(E)||^',o||L2||^fc||LS L2(P tl )^ (4.44) 
<D2-'~ / ||F i)0 ||ia||C/'fc|U«'La(P t ,)dw, 

where we have used Assumption 1 on a and the assumption (I2.44p on b\ in the last 
inequality. Plancherel yields: 

Hi^olU^ < ||V(2- J 'A)/(Aa;)A|| L2(R 3 ) < 2% (4.45) 

In view of ( I4.44p . we also need to estimate ||£4||ls=l 2 (p u )- We have: 

\\U k \\ L z>L* { p u ) < (||VC/,|Ua (s) + \\U k \\ L2{ ^\\U k \\l 2{s) < D lk + Dhl\\VU k \\\ 2{ ^ (4.46) 

where we have used the fact that i? 1 (S) embeds in L^L 2 (P U ) for the first inequality (see 
[T7] Corollary 3.6 for a proof only using the regularity given by Assumption 1), and 
(I4.35P for the second inequality. We still need to estimate || \7t/ fc || z, 2 (s) - We have: 

p p+co 

VU k (x) = e iXu Vbi;(2- k X)f(Xu)X 2 dXduj 

Js2jo f ,+co (4.47) 

+i2 k / / e iXu ba- 1 N^(2~ k X)(2- k X)f(Xuj)X 2 dXdu. 
Js 2 Jo 

Using the basic computation (14.1ft for the first term together with the fact that V6 £ 
L^L 2 (P U ), and (I4.35P for the second term together with the fact that ba~ l N satisfies the 
assumptions (I2.42p and (I2.43p . we obtain: 

\\VU k \\ L ^)<D2 k lk . (4.48) 
Finally, (jOH . (Q5|) . (Qgjl and pg| yield: 

1^1 < D2-*?w (4-49) 



4.3.4 A second integration by parts 

We now estimate the term Aq 2 defined in (14.43j) . We perform a second integration by 
parts relying again on (I4.22p . We obtain: 



A\ 2 = 2~ 2j J (J (V N bia + b J 2 V N a + b{atr6)F jfi (u)du?J U k (x)dZ 
+2- 2j j (J bia 2 NF jfi (u)du^j ■ VU k {x)dZ + ■■■ , 



(4.50) 
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where we only mention the first term generated by the expansion (j4.24p . In fact, the other 
terms generated by (I4.24p and the ones generated by (14.251) are estimated in the same 
way and generate more decay in j — k similarly to the estimates (14 . 3 8 [) (I4.39P . 

The first term in the right-hand side of (I4.50p has the same form than Aq l defined in 
(I4.43P where ab\ is replaced by 2~ 3 (V Nb 2 a + b J 2 V ' + ab^tiO). By Assumption 1 and 
dZBD , 2- j (V N b{a + b{V N a + a& J 2 tr#) satisfies: 



||2 j (V N bia + b j 2 W N a + a^tr6l)|| L 2 (s) 
< 2 _3 ||Vjv^||i2( S) ||a||i / ao( S ) + 2~ 3 \\W 2 \\ L 2 L o a (p u ^\\V N a\\ L? o L 2(p u } 



+2 3 ||a|| L <» (E) ||^|| L 2 £O c ( p u) ||tr0|| 



(4.51) 



< D2-i. 



Since 6j and 2 3 (¥ + b^W Na + abfaO) satisfy the same estimate, we obtain the analog 
of (I4.49P for the first term in the right-hand side of (I4.50p : 



- _2 -' / ( / (V N b 3 2 a + b 3 2 V N a + ab 3 2 tie)F jfi (u)duj)U k (x)dJ: 



< D2~— 7iTfe . (4.52) 



We now estimate the second term in the right-hand side of (I4.50p . Using Assumption 
1 on a together with (I2.44p . we have: 



bla 2 N\\ L ~ LHPu) <D. 



(4.53) 



We estimate the second term in the right-hand side of (14.501) using the assumption (I2.42p 
on b, the basic computation (14.11) and (14.531) : 



>"2j 



< 2~ 2j 



< 2~ 2j 



bia 2 NF j}Q (u)du 



ti> 2 a 2 NF j:0 (u)duj 



\a N\ 



L2(S) 



Vb'F kfi (u')dLj' )dS 
Vb'F kfi {u')du' 



>.du 



L2(E) 

\\Vb\\ L z> L 2 iPu) \\F kt0 \\ L 2duj 



(4.54) 



Finally, ( fOfflj) . fl452|) and (1434]) imply: 



\AU <D 2 2-^ ljlk . 



(4.55) 



4.3.5 End of the proof of Proposition 14. ll 

Since A l Q = A\ + A\, the estimate (H~4T?j) of A\ x and the estimate (H35D of A l 2 yield: 



\Al\ < D 2 2~^ ljlk . 



Together with (14.271) and (14.401) . this implies: 



Ujf(x)U k f(x)dE 



< D 2 2-^ ljlk for |j - k\ > 2. 



(4.56) 



(4.57) 
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Finally, ( I4.57P together with Shur's Lemma yields: 

Wfllh^ < WWW) + D 2 \\f\\h m . (4.58) 

J>-1 

This concludes the proof of Proposition 14.11 ■ 

4.4 Proof of Proposition 14.21 (almost orthogonality in angle) 

We have to prove (14.141) : 

\\m\i^)<J2\Mf\\in^+ D2 ^- ( 4 - 59 ) 

This will result from the following inequality: 



UJf(x)U»'f(x)dX 

E 



< 'JJi + 'Ul |i/-i/|^ (4 60) 

~ y*/2{pl 2 \v - v'\y- a (2f/ 2 \v - z/|) 3 ' 1 1 1 



where a > 0. Indeed, since § 2 is 2 dimensional and 1 < 2^ 2 \v — v'\ < 2 J / 2 for z/, z/ G T 
and z/ 7^ z/', we have: 

7E (2 ,/ > 1 -,i)3 ^<+ o ° l ( 4 - 61 ) 

and 

sup ^ . ..„, — — < C Q < +oo Va > 0. (4.62) 

2W 2 (2J/ 2 |z/ - z/'|)2-« - ° v ; 

Thus, ( f4TBU|) . (IPT|) and (fl~B1Z]) together with Shur's Lemma imply ( 1439]) . 

Remark 4.5 In f73| /. i/ie authors rely on a partial Fourier transform with respect to a 
coordinate system on P u to prove almost orthogonality in angle for their parametrix. In our 
case, coordinate systems on P u are not regular enough, which forces us to work invariantly. 
More precisely, we will use geometric integrations by parts in tangential directions to P u 
in order to obtain (14.601) . 

4.4.1 A second decomposition in frequency 



From now on, we focus on proving (14.601) . Integrating by parts twice in J s U!f f(x)Uj' f(x)dE 
would ultimately yield: 

S 3 !.„ 2 >-^0- (4-63) 



U»f(x)Uff(x)dX 

E 



(2i/ 2 |z/-z/|) 

This corresponds to the case a = in (I4.6ip and yields to a log-loss since we have: 
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To avoid this log-loss, we do a second decomposition in frequency. A belongs to the 
interval [2 j ~ 1 ,2 j+1 ] which we decompose in intervals 



[ 2 i-i ; 2 j+1 ] |J I k where diam(4) ~ 2 j \u - v'\ 

\<k<\v-v'\~ a 



(4.65) 



Let <pk a partition of unity of the interval [2 j 1 , 2 j+1 ] associated to the J^'s. We decompose 
Uj f as follows: 

l<k<\v-v'\-°> 

where: 



''*/(*) = / / 
Js 2 Jo 



e lXu b(x, w)^(2- J A)^(w)0 fc (A)/(Acc;)A^Arfa;. (4.67) 



We also define: 

v,k 



= ||V(2- J A)^(o;)0 fc (A)/|| L2(M 3 ) , j > 0, v e r, 1 < k < \u - u'\~ a , (4.68) 
which satisfy: 



W 2 



£ tiff 

l<k<\v-v>\- a 



4.4.2 The two key estimates 

We will prove the following two estimates: 



L 



U^f{x)U^ k f{x)dT, 



< 



D 



2 v,k v' ,k 
'3 '3 



2^/2(2^/2^ -yl | )2-a {2H 2 \U-U'\f 

for \v - v'\ ^ 0, 1 < k < \u - v'\~ a , 



and 



u^f(x)u;'> k 'f(x)di: 



< 



n2 v ,k v 



\k - /c'|2-?'/2(l-4a)( 2 i/2| z/ _ ^|)l+4a' 

for ^0,l<k,k'< \v-v'\- a , k ^ k'. 



(4.69) 



(4.70) 



(4.71) 
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(jjTDD and fT4\7Tj) imply: 

JjU»f{x)Ufj(x)dY. 



l<fc<|!/-l/'|- 

+ E 

i<fc^jfe'<|i/-i/| 



Uff(x)U^"f(x)dE 



E 

<li>— z 

+ E 



u;*f(x)uf*'f(x)dn 



T-l9 ^ifc f'jfc 

D 7/ 7, 



< 

~ 2W 2 (2i/ 2 |z/- i/|)2-a 

l<fc<k-^'l" a 



n2 i^.fe u'k 



(4.72) 



i<fc<|i/-i/| 



(2i/ 2 \v-v'\y 



t-,2 v.k u' .k' 

D 7/ 7, 



< 



D 2 lH . £ 2 7?7f 



la 



+ 



'J '3 



2i«/2(2i/2| I/ _ I /|)2-a (#/ 2 |l/ - I/*]) 3 



where we have used (14.691) and the fact that we may choose < a < 1/5, together with 
the fact that: 



sup 



E 



1 



IJfe-Jfe' 



< 



a|log(|i/-i/|)|. 



(4.73) 



I<k<\v-V'\ a l<fc'<|^_^'|-a : fc'^fc 

Since (I4.72p yields the wanted estimate (I4.60p . we are left with proving (14.701) and (14.711) . 
4.4.3 Proof of fl4?70D 



The estimate (I4.70p will result of two integrations by parts with respect to tangential 
derivatives. By definition of )(7, we have )Ph = V/i — (Vjv/i)AT for any function h on 
E. In particular, we have ^7{u) = and ^7{v!) = a'~ N' - a'~g(N',N)N. Now, since 
\N' - (N' ■ N)N\ 2 = 1 — (N' ■ N) 2 , this yields: 



AXu—iXu 



A'(l - (N' ■ N) 2 ) 



N'-g(N,N')N{e 



AXu—iXu 



(4.74) 



where we have used the fact that N' — (N' ■ N)N is a tangent vector with respect of the 
level surfaces of u. Similarly, we have: 



AXu—iXu 



A(l - (N'-N) 2 ) 



N- g {N,N')N'{£ 



AXu—iXu 



(4.75) 



where we have used the fact that iV — (N ■ N')N' is a tangent vector with respect of the 
level surfaces of vl . For p G Z, We introduce the notation Fj t k, p {u): 



F j,k,p( U ) 



AXu 



^(2- J A)0 fc (A)/(Aw)(2- J A) p A 2 dA. 



(4.76) 
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We integrate once by parts using (14.741) in J E Uj' k f (x)Uj ,k f(x)dT, and we obtain: 



uj' k f(x)u;'> k f(x)di; 

E 



i2~ 3 / div 



(TV' - (TV • N')N)a'W \ (4.77) 



xJiJ iM (tt)^ i . 1 (i t ')j)J(w)^(6/)dudi/(iE. 



We then integrate a second time by parts using (I4.75P (so that there is at least one 
tangential derivative for each quantity where two derivatives are taken): 



u;> k f(x)u;'> k f(x)dx 



Ex§ 2 x§ 2 



(N — (N ■ N')N')a A . f (N' — (N ■ N')N)a'bb' \ \ (4.78 



2~ 2j / div ^ ' div 



1 — (N ■ N') 2 \ 1 — (N ■ N' 



xFj } k,-i(u)Fj } k,-i{u')r)j(cu)r]j {u')dudu'dH. 

Computation of the right-hand side of (14. 78 p . We would like to compute the double 
divergence term in the right-hand side of (14.781) . This is done in the following lemma. 

Lemma 4.6 The double divergence term in the right-hand side of ( 14. 78[) is given by: 



r '(N — (N ■ N')N')a f (N' — (N ■ N')N)a'bb' 

Clou I . _ _ . „ CLIU 



1 - (N ■ N') 2 V. I — (N ■ N') 2 
I ( v-^ ( N - N„ \ p ( N' - N,y \ q 

2^ c p- 



N„ - N,A 2 \ p ' q V \N„ - N,A J \\N V - N v , 



\p,q>0 

where F is a combination of terms in the following list: 
(V0 - V6')aa'bb' (6 - 6')V{ab)a'b' 



(4.79) 



\N U -N V A ' liV.-AU 



6V(ab)a'b', ab6V(a'b'), fV(ab)a'b', 



V(a)V(6)a'&', V(a6)V(a'&'), ^ ^jy^ ' ee ' aa ' bb '^ 2 aa'bb' . 



(4.80) 



The proof of Lemma 14.61 is postponed to the Appendix A. The following lemma gives the 
structure of the terms in the list (14.801) . 

Lemma 4.7 The terms in the list (I4.80p have the following form: 

H 1 {x 1 u,p,u)H 2 (x : u ,v,v) + —pr , (4.81) 

where H 1 ,H 3 , i7 4 satisfy: 

H#ilU 2 (s) + \\H 3 \\ l ^l^{p u ) + \\H4.\\l^ip(p u ,) ^ D, (4.82) 
and where H 2 satisfies: 

||#2|U»(E) + ll^^ 2 ||^(s) + ||V^F 2 || L2(S) < D, (4.83) 
for to in the support of 77J and u' in the support of r\ v - . 
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The proof of Lemma [4.71 is postponed to the Appendix B. In the rest of this section, we 
show how Lemma 14.61 and Lemma 14.71 yield the proof of (I4.70p . 

End of the proof of ( 14. 70 p . Using (14. 78 p . Lemma [4.61 and Lemma 14. 7[ we may rewrite 
J s Up k f(x)Uj ' f(x)dT, as: 



Uff{x)U^ K f{x)dT, 



v',k . 



£ 

P,Q>0 
X 



2~3 



(2i/*\N u -N vl \y 

N' - N u , X q 



N-N u \ p 



2 \\N U -N U 



p,q>o 



\K- 








( N 


-K 




-N v , 



(4.84) 

Hi(x,u, is, v')F jA „i(u)rfAu)ckjj 



H 3 (x, u, i/, v')Fj^ x {u)r} v Au})du 



H A (x, a/, z/, is')Fj : k-i(u')r]j (u')dcu' J rfE. 



2 \ \N V -N V 

We estimate the two terms in the right-hand side of ( I4.84p starting with the second one. 
We have: 



2-3 



N-N„ V 



H 3 (x, u, u, v')F^ k _ x {u)rfAu)doj 



< 



{2i/ 2 \N v -N v ,\f \j S2 \\N U -N U 

J\TI AT \1 

fl4(ar,w / ,z/,z/)F J - fc> _i(u / )^(w / )dw')dS 



\\H 3 \\ L ^ Pn) \\F jtk -i\\^(u})du} 



\N V - N v 
2~3 



(23/ 2 \u - u'\f+P+1 
x ( / \\ H 4L™L2(p u ,)\\Fj,k,-i\\L 2 ,Vj' (u')du' 



< 



t-,2 v.k v'k 
(23/ 2 \lS- z/|)3+P+?' 



(4.85) 



where we have used Assumption 2 to estimate \N V — N u /\, Plancherel to estimate 
||-fj,fc,-i||L2 and ||F J)fe _ 1 || L 2 ; , Cauchy-Schwartz in u> and u', and the estimate (14.821) for 
if 3 and if 4. 
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We now estimate the second term in the right-hand side of (14.841) . We have: 

N> - N,y 



H 2 (x,u r , is, v)F j>k - 1 {u')rf j (u')du dE 



< 



2 \\N V -N V 



x 



(2^ 2 (N' - N u ,)yH 2 (x, u/, v, i/)F iifc ,_i(w / )<(w , )rfw' 



L2(S) 



i/.k 



< 



D\v-v'\ a l) 
(2i/ 2 \v - v'\) 2 +p+<} 



x 



( 2 i/\N' - N v ,)fH 2 (x } u', v, v')F jX „ x {v!X'{uj')dw' 



(4.86) 



L2(E) 



where we have used Assumption 2 to estimate \N V — N u r\, Cauchy-Schwartz in u, the 
estimate (14.821) for Hi and the following estimate for HF^-iH^c*.: 



II^A-illie- <2 3j/ >-z/'|f||^(2^A)0 fe (A)/(Aa;)A|| L2 , 



(4.87) 



which follows form taking Cauchy Schwartz in A together with the size of the support 
of <f> k . Note that the symbol F = (2 j / 2 (N' - N u ,)) q H 2 (x, u', u, v') satisfies the following 
assumptions: 



||F||l~(e) < D, W&FW&w < qD, WVd^FWw < q 2 D, 



(4.88) 



where we have used Assumption 2 for <9 w iV and d 2 N, and the assumption (I4.83P satisfied 
by H 2 . We will see in section 14751 that assumptions (14.881) on a symbol is enough to control 
the diagonal term in L 2 (E) (i.e. to obtain the estimate (14.171) ). Thus, we obtain: 



(2i/2(JV' - N v ')) 9 H 2 (x, u>', u, u')F jA ^{u')rf<' {u')du' 



<(l + 9 W' fc . (4.89) 



L2 (S) 



(T4~86|) and (gjggj) imply: 



2~i 



N-N„ 



S (2^/21^-^1)2 V7 §2 Vl^-^ 

AT' - N„> ^ q 



Hi(x, u, v, v')Fj >k -i(u)rij(uj)du) 



< 



2 WNy-Nsl 
(1 + <?)D 2 \u - 



H 2 (x,u',v, ^F^^u'W (u')du' ) dE 



is,k l/'k 



(4.90) 
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Finally, (jCTjl . ( Q5]) and (OD]l yield: 



Uf K f{x)U v j ' K f{x)dT l 

E 

/-i \ t-v9i /i a n2 f'lA; 

p,g>0 v 1 17 P,9>0 V 1 17 



(2J*/2|i/ - z/'|)2 7 j' 7 J ' + (2i/ 2 |i/ - z/|) 3 ' 
which concludes the proof of estimate (14.701) . 

4.4.4 Proof of fflTTTj) 

The estimate (I4.7ip will result of two integrations by parts, one with respect to the normal 
derivative, and one with respect to tangential derivatives. We have: 

AXu— iX'u' ^ w („i\u—i\'u'\ ( a no\ 

= -X-X^g(N,N') WNie } ' (492) 



We integrate once by parts using (14.921) in J E Up k f (x)Uj ,k f(x)dE. We obtain: 



oo r+oo 



<"v ( ; i7^7 ^ ) =D L + D 2 . (1.91) 



Uff{x)U^ k 'f{x)dT, = i 

xdiv ( A _ A ?^ Ar/) ) ^(c)<(a;')^(2- J A)^(2^A')^(A)^(A / ) (4 ' 93) 
xf{Xu)f{X'J)X 2 X' 2 dXdX'dudu'di:. 

We then expand the divergence term in the right-hand side of (14. 93 ft : 

aNbb' 
X-X>±g(N,N>) 

where D\ and D 2 are given by: 

abb'div(N) + V N (ab)b' 
1 ~ A — X'-^g(N, N>) 

V N (a)aa'- l bb'g(N, N') + V N (g(N, N'))a?a'- 1 bV ^ ' 

+ (X-X'±g(N,N>)y 

and 

abV N (b') V N (a')a 2 a'- 2 bb'g(N, N>) 

2 \-\'±g( N ,N') (X-X'±g(N,N>)y ' 1 ' j 

We then integrate a second time by parts using (14.741) for D\ and using (I4.75P for D 2 
(so that there is at least one tangential derivative on a, a', b, b' when two derivatives are 
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taken). We obtain: 



A' 



xdiv 



u;' k f(x)u;'> k 'f(x)dz - 

E JEx§ 2 xS 2 JO JO 

^^ i)^M<(o; / )^(2- J -A)^(2-^O0 fc (A)^(AO 

xf(\oj)f(\'oj')\ 2 \ ,2 d\d\ > dwdw'dZ + / / + / + T 

Jt,xs 2 xs 2 Jo Jo A 

xdiv ( {N T 9 ^ T N 2!l' )a D 2) ^(^X(^X2- J A)^(2^A / )0 fe (A)^(A / ) 



l-(7(iV,iV') ; 
i', y\ \2\/2 



x/(Aw)/(AV)A 2 A , ^ArfA'^w'ciE. 

Computation of the right-hand side of (14.971) . We would like to compute the two 
divergence term in the right-hand side of (14.971) . This is done in the following lemma. 

Lemma 4.8 The two divergence term in the right-hand side of (I4.97P have the following 
form: 

1 



2i{k-k')\N v - N v ,\\v -v 1 

x 



r 2 W P 

El 1 Z? p,q,l,m,n,o 2 p,q,l,m,n,o 3 

I c p,q,l,m,n,o I + 77 _ r a i _ ,i a + 



, l,m,n,o,p,q>0 



{k-k')\v -v'\ a (k - k'f\v - v 1 

x 



2a 



N — N u \ p f N' — N v i \ q f a-a u V / a' - cv 



x 



A - fc2*> - z/| a V / A' - fc'2^> - z/| Q 



(4.98) 



^2J(fc - fc')|i/ - z/| a / V 2i ( fc - k')\v - v'\ a 
where Fj,j = 1,2,3 is a combination of terms in the following list: 

(9 — 9')9aa!bb' {0 - 9')V{ab)a'V „„, LN ,„ L/1 „, ,„, /L/ 

V(a)V(&)a'&', V(a6)V(a'6'), V{9)aa'bb', 99'aa'bb', 9 2 aa'bb'. 

The proof of Lemma T4.8I is postponed to the Appendix C. The following lemma gives the 
structure of the terms in the list (14.991) . 

Lemma 4.9 The terms in the list (I4.99P have the following form: 

Hi(x, cu, v, u')H 2 (x, a/, v, u') + H 3 (x, u, u, v')H±(x, a/, u, u'), (4.100) 
where Hi,H 3 , H4 satisfy: 

\\Hi\\ L ^) + \\H 3 \\ L ~ L 2 (Pu) + \\H4 L ~. L 2 (Puf) < D, (4.101) 
and where H 2 satisfies: 

\\H 2 \\l~w + R#2|U 2( E) + ||V^ 2 || L2(E) < D, (4.102) 
for to in the support of 77J and u' in the support of r\ v - . 
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The proof of Lemma 14.91 follows the same line as the proof of Lemma 14.71 and is left to 
the reader. In the rest of this section, we show how Lemma 14.81 and Lemma 14.91 yield the 
proof of 

End of the proof of ( I4.7ip . Using (I4.97p . Lemma [4.81 and Lemma I4.9[ we may rewrite 

as: 



f s u;> k f(x)u;'> k f(x)dz 



if f[r)l ■>;'■' J[r)<l>: (4.103) 

s-\ S-2 

p,q,l,m,n,o p,q,l,m,n,o p,q,l,m,n,o 



El p,q,l,m,n,o p,q,l,m,n,o 

[ (h - y\\u-u'\<x (h - h'\2\u - 7/|2« + 

l,m,n,o,p,q>0 



(k - k')\v - v'\ a (k - k') 2 \u - v'\ 2a {k-k'f\v-v' 



3a 



X 



(k - k') l + m + n +° 7 S {2H 2 \N V - N ul \y+p+i 



a — a,,' s 



x / {Vl\N'-N v ,)y[ , if- H 2 (x,uj\u,u')F j)kja2)0 (u%\u;')duj' cffi 



\v — V 

y-\ ^3 

u p,q,l,m,n,o u p,q,l,m,n,o ^p,q,l,m,n,o 



\ ^ / ^p,q,l,m,n,o ^p,q,l,m,n,o 

^ \(k- k')\v-v'\ a (k - k') 2 \v - u'\ 2a (k - k') 3 \u - v'\ 

l,m,n,o,p,q>0 yy n 1 v ' 1 1 v ' 1 

1 f 2- 3 ^ 2 



3o 



X 



(k - k') l + m + n +° 7 S {2i/ 2 \N v - N v ,\Y+p+i 



m 

x ( / (2^ 2 (N f - N u ,)f ( Q " ~ ) H*(x, u/, v, i/)F jX ^ {u>)rti {u'W ) d£ 



where (cri,cr 2 ) = (0,-1) in the case of the term involving D±, and (01,02) = (—1,0) in 
the case of the term involving D 2 . We estimate the two terms in the right-hand side of 
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( I4.103P starting with the second one. We have: 
4 {V/ 2 \N v -N v ,\) 1+ *+'> 



/ \ m 

a — a v > 
\v — v'V 



< 



x ^Jj2^ 2 (N' - N u ,)f 

2 -3i/2 , 

x (^J jH4 L ^ L 2 {Pul) \\F^ kta2fi \\ L 2^\j)du'^ 



H 3 (x, u, u, u')F j)k ^ un (u)r]j (u)du 
H 4 (x, u', v, u')F j)k>a2;0 (u')r]j' (cj')dcj'j dH 



1 1 #3 1 Us°£2 (p a ) 1 1 Fj,k,a 1>n I \li Vj (^) d< 



< 



(4.104) 



where we have used Assumption 2 to estimate \N V — N u /\, Plancherel to estimate 
||-Pj-,fc,o-i,n||L2 and ||-^',fc,<T 2 ,o||L 2 ,, Cauchy-Schwartz in u and u>', the estimate (I4.10ip for 
H 3 and if 4, and: 



a 


— a„\ 


\v 


- v'\ a 



< 



\uj — 


v\ a 


\v — 


v'\ a 



< 1 



(4.105) 



on the support of 77J thanks to Assumption 2. 

We now estimate the second term in the right-hand side of f)4.103p . We have: 



(2i/ 2 \N u - N u , \y+P+i 



x / (2^ 2 (N-N U )Y 



a — a v 



Hx(x, u, v, v')F jA(71)n (u)ri v Au])du] 



< 



x 



< 



x 



2-3j/2 



(2J'/> - z/ / |) 1 +p+" Vis 2 
( 2 i/ 2 (iV' _ N v i)) 



\Hl\\L2(X)\\Fj,k,a 1 ,n\\L'S'Vj{ U} )du) 



s- 



■ f — ' H 2 (x, d, u, u')F jtkia2t0 (u')rf' (u')du 



\v — V 



2~H 2 D 1 f 



L2(E) 



(23/ 2 \v - v'\) 1+ p+i 

{2^{N'-N vl )Y ( ?~ a ' ) H 2 (x,u',vy)Fi, ki ^ (u')rff(u;')dL> 
2 V \v — v \ 



L2(E) 

(4.106) 

where we have used Assumption 2 to estimate \N U — N u i\, Cauchy-Schwartz in u, the 
estimate (14.871) for ||i^ ) jfe |t7 i,n|U«' 5 an d the estimate (I4.10ip for Hi. Note that the symbol 



F= (2 l/2 (N' - N u ,)) q 



1 \ m 

a — a,,* 



\v — V 



H 2 (x,u', is, v' 
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satisfies the following assumptions: 

\\F\\ L ~w < D, \\d u F\\»m<[q + 



m 



v — v 



D. 



(4.107) 



where we have used Assumption 2 for d^N, d 2 N, d^a and d®a, and the assumption 
(I4.102p satisfied by H2. We will see in section 1431 that assumptions (14.107P on a symbol is 
enough to control the diagonal term in L 2 (Tj) (i.e. to obtain the estimate (I4.17P ). Thus, 
we obtain: 



(2V 2 (N' - N u ,)) q 







(,:' 


- A a ) 



H 2 (x, u', u, v')F jt k,<r 2 ,o(u')rjj' '(uj')duj' 



< (1 , 2, ™r + mq\ v >,k 
OHUHD and ( jgUSD imply: 

4 {2H 2 \N v -N v ,\y+P+i 



L2(E) 

(4.108) 



#i(x, u, v, u')F j>k;aun (u)rjj(uj)doj 



x( / (2^ 2 (N' - iV)) g ( , a , a t ) H 2 (x,u\py)F jAa2j0 (u'X\u')dw')dE 



< 



(l + q * + w ?)2-i/ 2 D 2 \p-V\ v>k ^ 



\u — V 
,/|— a 



{2H 2 \u- z/'|) 1 +p+9 
Finally, (14303]) . ( 14304]) and fl4T09|) yield: 



(4.109) 



m k f{x)u»'> k f{x)d^ 



< 



l,m,n,o,p,q>0 
X 



.1 

^p,q,l,m,n,o 



+ 



^p,q,l,m,n,o 



+ 



^p,q,l,m,n,o 



\k - k'\\v - v'\ a \k - k'\ 2 \v - v'\ 2a \k - k'\ z \v - z/| 3a 
2 



(l + q z + m 2 )2-il 2 D"\v-v\ __„ ifc _y ifc 



I A; - fc'p+™+n+o( 2 i/2| z/ _ u'\y+p+ 



q^J 7i 



Z,m,n,o,p,g>0 



,1 

^p,q,l,m,n,o 



+ 



■"p,q,l,m,n,o 



+ 



^p,q,l,m,n,o 



\k-k'\\v-vi\ a \k - k'\ 2 \v - v'\ 2a \k-k'f\v-v' 

2-i li D 2 



3a 



(4.110) 



< ^/ 



V 7i 



|ife - A;'|2i/ 2 ( 1 - 4 «)(2J/ 2 |z/ - z/'|) 1 + 4 "' 
which concludes the proof of estimate (14.711) . 
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4.4.5 End of the proof of Proposition 14.21 



We have proved the estimates (I4.70p and (14.711) in the two previous sections. Since ( I4.70p 
and f)4.7ip yield (I4.60p (see section H.4.2p . this concludes the proof of Proposition 14.21 ■ 



4.5 Proof of Proposition 14.31 (control of the diagonal term) 

We have to prove (14.171) : 

\\UZf\\»M£I>fi. (4.111) 

Recall that Uj is given by: 



where FAv) is defined by: 



Fj{u) 



bFj(u)tf(u))du, 



e lAu i/j(2-i\)f(\uj)\ 2 d\. 



(4.112) 



(4.113) 



We decompose U!f in the sum of two terms: 



U?f(x) = b(x,u) / F j (u)rf(u)du + / (b(x,u) - b(x, v))Fj(u)tf(u)dtjj. (4.114) 



We start with the first term. The assumption (I2.42p on b implies: 



b(x,u) / Fj(u)rfAu)du 



< D 



L2(S) 



Fj(u)rfAuj)duj 



(4.115) 



L2(S) 



The following proposition allows us to estimate the right-hand side of (14.1151) . 
Proposition 4.10 The right-hand side of (14. 1 15j) satisfies the following bound: 



F 3 (u)rf(cu)duj 



L2(S) 



< Y 



(4.116) 



The proof of Proposition 14.101 is postponed to section 14.5.11 In the rest of this section, we 
show how Proposition 14. 101 yields the proof of f)4.11ip . In particular, (14.1161) together with 
(14.1151) implies the following bound for the first term in the right-hand side of (14.1141) : 



< 



L2(E) 



b(x,u) / FAu)rfAu)duj 

We turn to the second term in the right-hand side of (I4.114p . We have: 
(b(x,u) — b(x,h , ))Fj(u)rjAu)du 

^ \\b(x, u>) - b(x, v) \\l™l\p u ) WF^^^du 
\ui - v\[\\d u b\\^ + nv^ii^^))!!^!!^^^)^ 



(4.117) 



< 



< 



L2(S) 



(4.118) 



< 
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where we have used Plancherel to estimate ||i^||x,2, Cauchy-Schwartz in u, the fact that 
embeds in L^L 2 (P U ) (see [UJ Corollary 3.6 for a proof only using the regularity 
given by Assumption 1), the assumption (I2.43P on b, and the fact that \cu — v\ < 2~ J / 2 
on the support of rf-. 

Finally, (I4.114|) . (j4.117|) and f l4.118|) yield the wanted estimate ( I4.111|) which concludes 
the proof of Proposition 14.31 ■. 



4.5.1 Proof of Proposition [4.101 

Recall that / g2 Fj{u)rf^{uj)du is given by: 

F j (u)r%(u)du;= / / e iXu ^{2~J\)tf{u)f{\uj)\ 2 d\du. (4.119) 
is 2 Jo 

Relying on the classical TT* argument, (I4.116P is equivalent to proving the boundedness 
in L 2 (Yi) of the operator whose kernel K is given by: 

r+oo 

K(x,y) = / e iXu{x ^- iXuM ij(2~ j \)tf(uj)\ 2 d\duj, x,y G S. (4.120) 



Js, 2 Jo 

The decay satisfied by this kernel is stated in the following proposition. 

Proposition 4.11 The kernel K defined in ( I4.120p satisfies the following decay estimate 
for all x, y inH: 

\K(x,y)\< 



~ {l + \2i\u{x,v) -u{y,v)\-2i/ 2 \d„u{x,p) - d„u{y,v)\\) 2 ( 412 i) 



2^ 

x 



The proof of Proposition 14.111 is postponed to section 14.5.21 In the rest of this section, we 
show how (14.1211) implies Proposition 14.101 According to Schur's Lemma, the operator 
whose kernel is K is bounded on L 2 (E) provided we can prove the following bound: 

sup / \K(x, y)\dy < +oo, sup / \K (x, y)\dx < +oo. (4.122) 

Due to the symmetry of K in x, y, the two bounds in (14.1221) are obtained in the same 
way. We focus on establishing the first bound. In view of (I4.12ip . we have: 

2-i 



K(x,y)\dy < 

S JS 



(1 + \Z>\u(x, v)- u(y, u)\ - 2J/2|^ M (x, u) - d„u(y, u)\\) 2 

*(\ + yi 2 \d^uM-dMy^W dy ' 

(4.123) 

Now, according to Assumption 4, there is a global change of variable on S <p v : S — > M 3 
defined by: 

4> v (x) := u(x, v)v + d w u(x, u), (4.124) 
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such that 02, is a bijection, and the determinant of its Jacobian satisfies the following 
estimate: 

|||det(Jac<^)| - 1|U- (S ) <£. (4.125) 

Using the change of variable y —> y — <p v (y) — 4>v{x) G 1R 3 in the right-hand side of (14. 1 23[) 
together with (I4.125p . we obtain: 

\K(x, y)\dy < I (1 - ^ wm (1 - §^dy, (4.126) 

where y = y -v + y' and y' ■ v = 0. Making the change of variable y — )■ z where z is defined 
by z ■ v = 2iy ■ v and z' = 2?l 2 y' in the right-hand side of (I4.126p . and remarking that z ■ v 
is one dimensional, and z' is two dimensional, we obtain: 

f dz 

ijf(j - i,)i * :s y> (i + ii»->i-Mi)-(i + M)' ~ 1 - (4 - i27) 

(I4.127P implies the first bound in (I4.122p . K being symmetric with respect to x,y, the 
second bound in (14.1221) is also true. Thus, the operator whose kernel is K is bounded on 
L 2 (S) which concludes the proof of Proposition 14.101 ■ 

4.5.2 Proof of Proposition HTTTJ 

Recall the definition of K: 

p p+oo 

K{x,y)= / / e lXu{x ' ul) - iXuiy ' u ' ) 4j{2- j X)^{uj)X 2 dXdu, x,y G S. (4.128) 
is 2 Jo 

We need to prove that K satisfies the following decay estimate for all x, y in E: 

2-' 



\K(x,y)\ 



< 



(l + \Z>\u(x,u) -u(y,u)\ -23/ 2 \d u u(x,u) - d^y , u)\\) 2 ^ ^ 



X 



(l + 2?/*\d u u(x, v)-d u u(y,v)\f 



Proof of (I4.129p . Recall from Remark 12.61 that u(x,u) is exactly equal to x- u in \x\ > 2. 
Thus, we may restrict ourselves to \x\ < 2 where we have in view of Assumption 2: 

\u{x,u)\ + \d u u(x,u)\ + \dlu{x,u)\ + \dfru(x,u)\ < 1, Va; with |x| < 2, Vw G § 2 . (4.130) 

We will obtain (I4.129P as a consequence of the following estimate: 

\K(x,y)\< / r —^X)^(u)X 2 dXdu J , (4.131) 

J&J (1 + 2?\u{x,u) - u(y,u)\y J 

where ip is smooth and compactly supported in (0, +oo) and rjj is bounded on § 2 and has 
the same support as rf-. Indeed, we have: 

u(x, uj) - u(y, uj) = u(x, u) - u(y, v) + (d w u(x, v) - d u u(y, v))(u - v) 

+0(\v-u\ 2 )i (4.132) 
<9 w w(x, uj) - d u u(y, uj) = d w u{x, v) - d u u(y, v) + 0(\u — u\), 
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where we have used a Taylor expansion in uj together with ( I4.130p . Using the fact that 
2 3 ^ 2 \uj — v\ < 1 on the support of rjj together with (j4.132jl . we obtain for uj in the support 
of ,/'/: 

1 + \2 3 \u(x, v) - u(y,u) \ - 2 3/2 \d UJ u(x,is) - d u u(y,v)\\ < 1 + 2 3 \u(x,u) -u(y,uj)\, 
andl + 2^ 2 \d ul u(x,u)~d UJ u(y,iy)\ < 1 + 2^ 2 |<5U(x, w) - d u u(y, uj)\. (4.133) 
fTCTSTD and fTCTgBl imply: 

1 



\K(x,y)\ 



< 



1 



o + OO 

x 7 -/oio / \ ; rr^ / / ^(2~ J A)^(w)A 2 dAdw 



(4.134) 



Now, we have: 



i){2' 3 X)r^{uj)X 2 dXduj = I J ^(2- j X)X 2 d\j I J ^(u)dujj < 2 2j , (4.135) 

where we have used the fact that rjj is bounded on § 2 and the fact that the support of 
rjj is two dimensional with a diameter of size ~ 2~ J / 2 . Finally, (I4.134p and (14.135P imply 
(I4.129P which is the wanted estimate. 

Proof of (I4.13ip . To conclude the proof of Proposition I4.11[ it remains to prove (I4.13ip . 
This will follow by performing three integrations by parts with respect to uj and two 
integrations by parts with respect to A. We start with the integrations by parts with 
respect to uj. Our goal is to show that K(x, y) is a sum of terms of the form: 

<-+oo e i\u(x,u)-i\u(y,u) F ( Xj y> w> V )(\(d u u(x, Uj) ~ 8 u u(y, Uj)) 2 ) 1 



h Jo (1 + \\d u u(x,u) - d u u(y,uj)\ 2 )™ (4.136) 

xip(2- j X)^(uj)X 2 dXduj, 

where l,m are integers, where F does not depend on A, where rjj is bounded on S 2 and 
has the same support as rjj and where the integrand in (14.1361) satisfies: 

F(x,y,uj,u)(X(d U} u(x,uj) - duu{y, uj)) 2 ^ 1 



[l + X^u^x.uj) - d u u(y, uj)\ 2 ) r 



1 



no 



[l + 2?/*\d u u(x,u>)-d u u(y,u;)\)3' 

(4.137) 

To this end, we use: 

ax { u^)-u M) = (i - i{d u u(x,u) - d^u{ y ^))d^<^<y^ 

{l+X\d u u{x,u)-d w u{y,u)\*) • { - ) 

We integrate by parts once in the integral (I4.128P defining K using (I4.138p . We obtain: 

ao gi\u(x,ui) — 

1 + A|<9^w(x, uj) 

p i\u(x,u))—i\u(y,u)) A 

I i , *17w , » 7 ^ {2-iXX{u)X 2 dXduj 

l §2 J 1 + X^u^x.uj) - d^y.uj)] 1 (a^q\ 

+ / / 7T— , s , , 2 M2 ^ (2~iXX(u)X 2 dXdu 

JsiJo {l + X\d UJ u{x,uj)-d UJ u{y,uj)\ 2 ) 2 3 

p p+oo „i\u(x,uj)—i\u(y,ui) A 

+ / / — ^ - f ; rl j M ^ (2- 3 X)2-^ 2 d^(u J )X 2 dXdu J , 

J S2 J 1 + A|d aJ M(x, uj) - duu(y, uj)\ 2 J 

54 



p+oo i\u(x,uj)—i\u(y,uj) 

K(x,y)= I / — — -— — -^(2' 3 X)^(uj)X 2 dXduj 



where A\, A 2 , A 3 are given by: 

A x = i(dlu(x, u) - dlu(y, u)), 

A 2 = -2i\{dlu{x,u) -d*u(y,u;))(d u u(x,uj) -u(y,u)) 2 , (4.140) 
A 3 = i2 j/2 (d w u(x,uj) -duu(y,u)). 



The first term in the right-hand side of (14. 139j> . Integrating by parts in the first 
term of the right-hand side of (I4.139P using ( 14.138)) yields: 




^i\u(x,u) — i\u(y,uj) 



-^(2^\X(uj)\ 2 dXdu 




o 1 + A|<9 w w(x,w) - d^uiy^uj)] 2 

i 

.i.fn-i .\ \2. 



ji\u(x,uj)— i\u(y,uj) j^i 



§2 J (1 + X\d u u(x,u) - d w u{y,u)\ 2 ) 2 3 



^i\u(x,w)~i\u{y,uS) J^2 



(4.141) 



J&Jo (1 + X\d u u(x,u) - d u u{y,u)\ 2 f 3 

J^Jo {l + X\d u] u{x,u)~d UJ u{y,uj)\ 2 ) 2 3 
where A\, Aq, A^ are given by: 

A\ = 1 + i{dlu{x, u) - dlu(y, u)), 

Al = -AiX(d 2 u(x,u) - d 2 u(y,u))(d u u(x,uj) - u(y,u)) 2 , (4.142) 
J§ = i2?' 2 (d u u(x,u>)-d u u{y,u>)). 

( 14. 130)) implies the following bound for the integrand in the right-hand side of (14.141)) : 



1^1 1^1 



+ 



(1 + X\d^u(x,u) - d u u{y,u)\ 2 ) 2 (1 + \\d u u(x,u) - d^y^u)] 2 ) 3 

+ \3 < 1 



(4.143) 



(l + A|^ M (x,w)-6U(y,u;)| 2 ) 2 ~ (l+23/*\d u ufau)-dMv,<<>)\) 3 ' 
Also, we have: 

\du>Vj{u)\ < 2 J/2 for all uG§ 2 (4.144) 

so that 2~ J / 2 d LU rij satisfies the assumptions of rf^. Thus, the first term of the right-hand 
side of (I4~T39|) satisfies (14136]) (I4TT37I) . 

The terms involving Ax, A 2 and A 3 in the right-hand side of (14. 139)) . 

Integrating by parts in the term involving A\ of the right-hand side of (14. 139() using 
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(jZEHSD yields: 




3 iAtt(x,tj)— i\u(y,uj) A 

-^{2- j XX{u)X 2 d\doj (4.145) 



§2 7 1 + X\d w u(x,uj) - d w u(y, u)\ 

+00 i\u(x,u))— iXu(y,ui) A 1 /l 

^^AV^A^Adu; 




2 y (1 + X\d UJ u(x } to) — d UJ u(y, ui)\ 2 ) 



2 



giA?i(:r,w)--iAti(j/,w)^2^^ 



/■ r+00 

+ / / nxw-r r 1 ^T 1 ^ (^^Wi^x'dxduj 

JszJo {1 + X\d u u(x,u) - d^uiy^)] 2 ^ J 

p p+00 i\u(x,u))— iXu(y,ui) A 3 A 

i§2io (1 + A|<9 w u(a;,w) - ^(^w)! 2 ) 2 J 

/" r°° e' A ^)-* A ^^(<5U(x, uj - GU(t/ ; aQRA ^ 2 
+ / / n , 7 v 7^-^ V(2 3 X)r]"{u)X dXdu, 

where v4q,t4q,t4q are given by (I4.142p . In view of (I4.143p . we have the following bound 
for the integrand in the right-hand side of (14. 145ft : 



\AIA,\ + \A 2 A, 



(1 + X\d u u(x,uj) - <9^w(?/,w)| 2 ) 2 (1 + \\d u u(x,u) - d^uiy^u;)] 2 ) 3 
\A^Ax\ I d u u(x, u) - duu(y,u) \ \dwAx \ 



(1 + \\d u u(x,u\ - d w u(y,uj)\ 2 ) 2 (1 + \\d u u(x,u) - d w u{y, uj)\ 2 ) 2 
< \Ai\ \d u u(x,u) - d u u(y,u)\\dwAi 



(4.146) 



(1 + 2>/*\d u u{x,u) - 6U(y, w)|) 3 (1 + #/ 2 |oU(*,w) - d u u{y ,(*)])*' 

Now, in view of the definition (14.140ft of A\ and the estimate (14.130ft . we have: 

\A X \ < 1, and \d„u(x,u) - duuiy^^duAtl < 1. (4.147) 

In view of (14.1461) and (14.1471) the term involving A\ of the right-hand side of (I4.139P 
satisfies (14136]) (141371) . 

We proceed similarly for A 2 and A 3 . In particular, in view of the definition (I4.140p of 
A 2 , A 3 and the estimate (l4.13Up . we may replace (I4.147P with the following estimates: 

\A 2 \<{2^ 2 \dM^)-d.u{y^)\)\ 
\d u u(x,u) - d IJJ u{y,u))\\d U jA 2 \ < (2 j/2 \d u u(x,u) - d w u{y , u)\) 2 , 
|A 3 | <& 2 \d u u{x,u))-d u u{y,u)\, 

and 

\d w u(x,u) - d w u{y,u)\\d UJ Az\ < 2 l/2 \d LO u(x,u) - d w u(y,u)\. 

Finally, the four terms in the right-hand side of (14.1391) satisfy the estimates (I4.136P 
(1413T1) . Thus K(x,y) satisfies (14136]) (141371) . 

Integration by parts with respect to A and end of the proof of (14.1311) . In order 
to obtain (14.131ft . we still need to perform two integration by parts with respect to A in 
(P3BD . We have: 

el x { u(x,.)-u M ) = (1 - M(u{x,u,) - n(i/,a)))^ A )e^M-»M) 

(1 + 2 2 i\u(x,tu) -u(y,u)\ 2 ) ' 1 ' ' 
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Notice that the only term depending on A under the integral (I4.136P is: 



Now, we have: 



;i + A|<9 w u(o;, W )-GU(^)| 2 ) m ' 
i;(2^X)X 2+l 



(4.149) 



2 j d A , 

'1 + \\d u u(x, uj) - <9 w w(?/,u;)| 2 ) r 
((2 + 1- m)V(2- J 'A) + V'(2 -i A)) A 2+ ' 

(l + A|<9^(^)-<9^,u;)| 2 ) m 

^( 2 -^ W wh ere ?(A) = M 

A 



(4.150) 



;i + A|5X^^)-^(2/^)l 2 ) m+1 



Thus integrating by parts in A in the integral ( I4.136P using (14.1481) essentially divides the 
integrand by 1 + 2 j |m(x, uj) — u(y, u>)\. In particular, after two integrations by parts using 
( I4.148P in the integral (I4.136p . and together with the estimate f !4.137j> . we obtain that 
K(x, y) is a sum of terms of the form: 



=o e iA«(*,«)-iA«(v,w)2r( a ; ) y )W)I/ )(A(9 (1 , w (x,a;) - d w u(y,uj)) 2 ) 1 
Wo (1 + X\d w u{x,u) - d^u{y,uj)\ 2 ) m {l + 2l\u{x,u) - u{y,u)\) 2 (4.151) 

xi;(2-i\muj)\ 2 d\duj, 

where l,m are integers, where ijj is smooth and compactly supported in (0, +oo), where 
rjj is bounded on §> 2 and has the same support as rf- and where the integrand in f)4.15ip 
satisfies: 



F(x,y,uj,u)(X(d UJ u(x,uj) - d u u(y,u)) 



2\l 



< 



(1 + \\d u u(x,u) - d u u(y,u)\ 2 )™(l + V\u(x,u) - u(y,u)\) 2 
1 + 2i\u(x, u) - u(y, u)\) 2 (l + W\d^, u) - d u u{y, cu)|) 3 ' 



(4.152) 



Finally, (I4.15ip and f)4.152p yield (I4.13ip which is the wanted estimate. This concludes 
the proof of Proposition 14.1 11 ■ 



5 Proof of Theorem 2.10 



In order to prove Theorem 12.101 we first show that the Fourier integral operator U of 
Theorem 12.81 almost preserve the L 2 norm provided we make additional assumptions on 
its symbol. We then use this observation to prove the estimate (12.491) . Finally, we conclude 
the proof of Theorem 12. 101 by establishing the existence of (/+, /_) solution of the system 

d23HD. 

5.1 A refinement of Theorem [278 

In Theorem 12.81 we have proved that the Fourier integral operator U with phase u and 
symbol b is bounded on L 2 {Y,) provided u satisfies Assumption 1, Assumption 2 and 
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Assumption 4, and the symbol b satisfies (12.421) (12.431) . We now would like to prove 
that U satisfies the following bound from below: 

ll/IUw < \\UfWw, (5.1) 

provided u also satisfies Assumption 5 and under additional assumptions on the symbol 
b. This is the aim of the following proposition. 

Proposition 5.1 Let u be a function onSxS 2 satisfying Assumption 1, Assumption 
2, Assumption 4 and Assumption 5. Let U the Fourier integral operator with phase 
u(x,u>) and symbol b(x,u): 

Uf(x)= / e iXu ^b(x,u)f(\u)\ 2 d\dw. (5.2) 



Js' 2 Jo 

We assume furthermore that b(x, u) satisfies: 

R&IU 2 (£) + l|V£U>|| i2(s) < 1, (5.3) 
||6 - 1|U»(E) + \\Vb\\ L ~ L 2 {Pu) + \\fVb\\ LHs) < e, (5.4) 

and 

V N b = b{ + b ] 2 where ||&{||l2(s) < 2~h, \\bi\\ L ™ L 2 {Pu) <e ^ g , 

and \\V N b 3 2 \\ L 2 (s) + H^IUsl-^) ^ 2 2e. 

Then, U is bounded on L? and satisfies the estimate: 

ll/IUw < ||f//IU2 (S ). (5.6) 

Remark 5.2 Notice that the only difference in the assumptions with respect to Theorem 
\2.8\ lies in the fact that u also satisfies Assumption 5 and in the constant D which has 
been replaced by 1 in ( 15. 3 p and by e in ( 15. 4p (15. 5p . 

We now turn to the proof of Proposition 15.11 We review the three steps of Theorem 
12.81 - decomposition in frequency, decomposition in angle, and control of the diagonal term 
- indicating each time how to refine the estimates. 

5.1.1 Step 1: decomposition in frequency 



As in step 1 of the proof of Theorem 12. 8[ we decompose Uf in frequency: 

Uf{x) = U if(*l ( 5 - 7 ) 

i>-i 

where the operators Uj are defined by (14.51) (14. 6p . We have: 

\\Uf\\hw= E f U j f(x)Uj^)dE+ J2 I U j f{x)TJJ{x)dT 1 . (5.8) 



5S 



Now, the proof of Proposition 14. 1 1 together with the fact that b satisfies (15. 4p ( 15. 5 p imme- 
diately yields: 

<4f\\h m - (5-9) 
Thus, together with (15. 8p . we obtain: 

(5.10) 

\j-l\<2 J ^ 

Remark 5.3 The sum over \j — l\ < 2 in the right-hand side of ( I5.10P corresponds to 
the terms such that the support ofip(2~i\) and the support o/^(2" J A') have a non empty 
intersection, where ip has been introduced in (14.31) . 




5.1.2 Step 2: decomposition in angle 



As in step 2 of the proof of Theorem I2.8[ we decompose Ujf in angle: 

i ;,]■(■<■) E r )'A" 



(5.11) 



where the operators C/J are defined by (I4.1ip . In order to control the diagonal term in 
a third step (see next section), we have to modify slightly the size of the support of our 
partition of unity 77J on § 2 introduced in (14.91) . Let 5 > such that: 

0< V / £«<5«1. (5.12) 
We now require that the support of n" is a patch on S 2 of diameter ~ 52~~ : >' 2 . We have: 

E / U j f(x)llJ{x)dJ: = E E / U^j{x)Uf F J{x)dT, 



b-^i<2' 



|j-J|<2 |y-y'|<252-J'/2 

+ E E 

|j-Z|<2 |^-i/'|>252-J'/ 2 



(5.13) 



The proof of Proposition 14.21 yields: 



E 

|*/-z/|>2<52-j7 2 



U v j f{x)Uff{x)dT, 



^ 2 



(5.14) 



where 7^,7/ have been defined in (14.121) . Indeed, ( I5.14p follows from the equivalent of the 
two key estimates (I4.70p (14. 71 p . For example, let us consider the equivalent of (14. 70 p . We 
obtain: 



u;> k f(x)u;'' k f(x)dz 



< 



c u,k v'k 

8e lj 7, 



v,k v' ,k 



+ 



2^/2(2^/2^ _ u '\)2-a (2^/2^-^1)3 

for \v - v'\ ^ 0, 1 < k < \v - z/'r Q , 



(5.15) 
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where e comes from the fact that b satisfies (15.4)) . and 6 from the fact that the square root 
of the volume of the support of now yields 52~^ 2 instead of 2~^ 2 . The worst term in 
the right-hand side of (15.151) is the second one. It may be rewritten: 

r v,k v'k v,k v'k 

- £ ' ' (5.16) 



(2i/> - u'\f 5 2 (2J/ 2 5- 1 |z/ - z/'|) 3 ' 

and yields the factor e5~ 2 in the right-hand side of (I5.14p . 
Finally, (ETT5j» and (EH yield: 

E / Ujf(x)Uj(x)dE = E E / U»f{x)Uf r j{x)<m 

\j-l\<2 JS \j-l\<2\y-u'\<252-j/^ jTl (5.17) 



Remark 5.4 The sum over \v — v'\ < 252~ jf / 2 in the right-hand side of (15. 17)) corre- 
sponds to the terms such that the support of rjj and the support of rjj have a non empty 
intersection. The number of terms in this sum only depends on the dimension of S> 2 and 
is therefore a universal constant. 

5.1.3 Step 3: control of the diagonal term 



The goal of this section is to estimate the term J2\j-i\<2 Yl l \v-v'\<2&2-j/ 2 is Uj fi. x )Ui' f{x)dH. 

A first reduction. Remark first that the proof of Proposition 14.31 together with the fact 
that b satisfies ( 15. 3 p immediately yields: 

ll^/IU 2( E)<7-- (5-18) 
We introduce the operator Sj defined on E by: 



-OG 



S»f(x) = / / e tXu{x ^^(2^\)riULo)f(\tu)\ 2 d\du. (5.19) 

Js 2 JO 

By Proposition 14.10) we have: 

ll^/IU 2 (E)<7f (5.20) 
The estimate (14. 1 18j) together with the assumption (15. 3p on b, ( I5.18p . ( I5.20p and the fact 
that \lo — v\ < 52~^' 2 on the support of 77J yields: 



EE/ U»f(x)Uff(x)dZ 

-l\<2\v-v'\<262~3/ 2 S 

E E / ")S]f(x)b(x, W)Sff(x)dJ: + 0(5)\\f\\ 2 L2 



(5.21) 



\j-l\<2 \u-u>\<262-i/ 2 

which together with the assumption ( 15.4)) on b and ( 15.20)) implies 



EE/ U!f(x)Uff(x)dX 

-l\<2\v-v'\<252-3/ 2 S 

E E / Sff{x)SfJ&jdE + 0{5 + e 



(5.22) 
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We want to estimate the term X)h--z|<2 ^2\v-v'\<282-i/ 2 It Uj f^Uf f(x)dE. In view of 

(j5.22p . we may estimate instead the term £)u_i|<2 Siy-i/i<252-j/ 2 It f( x )^i'f( x )^- 

End of the proof of Proposition 15.11 Recall Assumption 4 which states that the 
map 4> u : S — > M 3 defined by: 

:= u(x, v)v + d w u(x, u), (5.23) 
is a bijection, such that the determinant of its Jacobian satisfies the following estimate: 

HI det(Jac^)] - 1|U«(E) < e. (5.24) 

Let us note J 7-1 the inverse Fourier transform on M 3 . We introduce the operator Sj on 
E defined by: 

S»f{x)=?-\ij(2-3-Xf)(Ux))= [ e iX ^)-^2-i\)tf(u)f(\u)\ 2 d\dou. (5.25) 



The following proposition shows that the term J Y ,Sjf(x)S]ff(x)dE is close to the term 
J s S»f(x)S?'f(x)dX. 

Proposition 5.5 We have the following bound: 

||^/-£;/|U 2(s) <5%. (5.26) 

We postponed the proof of Proposition 15.51 to the next section. Let us show how Propo- 
sition [575] allows us to conclude the proof of Proposition 15.11 (I5.10p . ( I5.17p . (I5.22p and 
(l5~26j) yield: 

\\Uf\\l H T)= E E / S»f(x)WmdX + 0(y 2 + **) ||/||i 2(K3) . (5.27) 

|j-/|<2 |„- i ,'|<252-^/ 2 S 



Making the change of variable y = 4> v (x) in J s Sj f(x)Sf f(x)dT, and using f)5.24p and 
( I5.25P implies: 



E E / S]f(x)S*f{x)dE 



|j-2|<2|i/-i/'|<2(52-j/ 2 



E E [f-\^~ J -Hf)(y)J r - 1 (^- l -H'f)(y)dy 

\j-i\<2 \v-v'\<2&2-ii 2 Jw> C5 
+0(5)||.f||? 2 , w3) 



= E E fj(2- j XX(u)f(Xu)^X)^'(uj)f(Xu)dy 

\j-l\<2\u-v'\<252-3/ 2 JR3 

+0(s)\\f\\ 2 L2m , 

where we have used the fact that J 7-1 is an isomorphism on L 2 (IR 3 ) in the last equality 
of (15"2g]l . Now, we have: 

E E / ^XX(co)f(Xoo)ij(2-^X)^'(uj)f(Xuj)dy = \\f (5-29) 

\j-l\<2\v- u i\<282-i/ 2 JM3 
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which together with (I5.27P and (15.281) yields: 

\W\\h&) = WfWhm + o (j 2 + **) ||/||i 2(R3) . (5.30) 

Choosing 6^ and e6~ 2 small enough, we deduce from f l5.30j) : 

ll/IUw < \\Uf\\w, (5.31) 
which is the wanted estimate. This conclude the proof of Proposition 15.11 ■ 

5.1.4 Proof of Proposition I5T51 

Reduction to a decay estimate. Relying on the classical TT* argument, (I5.26P is 
equivalent to proving the boundedness in L 2 (E) with a norm 0(6) of the operator whose 
kernel K is given by: 

r r+oo 

K(x,y)= / / e lXu{x ' u ' ) - iXuM ^(2- j X)r ] i ;(u)X 2 dXdio 



(5.32) 



§ 2 JO 



J 

+oo 

+ I I e iXMxy "- lXMyyul iP(2- j \)rf(uj)\ 2 d\duj 
§ 2 Jo , 

e iAu(x,u)-a<i> v ( tf ).«^ (2-i A)< (tu) \ 2 d\du 
e u^(x).,-a tl ( !/ ,,)^ 2 -i A ^^ w ^2 dAdWi 

'S 2 JO 

f )5.26p then reduces to proving the following decay for the kernel K in (15. 32ft : 

2-> 



\K(x,y)\< 6* 



(1 + \2?\u(x, v) - u(y, u)\ - 2V 2 \d u u(x, v) - d u u(y, v)\\) 2 



(5.33) 



x- 



l + 2i/2\d UJ u(x,v)-d UJ u(y, v)\)z- 



The proof of the fact that (I5.33P implies (I5.26P is identical to the proof in section 14.5.11 
of the fact that the decay estimate (14.1211) implies (14.1 16p . In fact, performing the exact 
same changes of variables leads to: 



sup / \K(x,y)\dy < 6, sup / \K(x,y)\dx < 6. (5.34) 
ies Js yes 

Finally, ( I5.34p yields ( I5.26P by Schur's Lemma. 

Proof of the decay estimate (I5.33p . The proof of (15.331) follows from the proof of 
Proposition 14. Ill in section 14.5.21 In fact, let us consider the following quantity A defined 
by: 

r- r+oo 

A= / e lXpiuj) 4j(2- J \X(u)\ 2 d\du (5.35) 
is 2 Jo 
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where p is a function defined on § 2 . Then applying 3 integrations by parts with respect to 
oj and 2 integrations by parts with respect to A as in the proof of Proposition 14.111 yields 
to the following equality: 



+oo 



A = / / F {2?p(u), 2?' 2 d u p(u), d«p{uj), d 2 p(oj), %p(u), 2~''A) 



s 2 Jo 



xtfj (2- j \)tf(uj)\ 2 d\duj 

p p+oo 

+5- 1 J 2 J F 1 (2^p(u), ^Mw), 2- j A) 

p p+oo 

+5- 2 J 2 y F a (2*p(«), y'/'Mw), flLp(w), 

xip 2 (2->\)(52-M 2 d u ) 2 7%(u)\ 2 d\du 
+<T 3 / / F s (2>p(u),2>/ 2 d u p(u),d u p(u),2-*\) 
x^j 3 (2^X){52^/ 2 d UJ ) 3 ^{u)X 2 dXdu, 



(5.36) 



§ 2 JO 



where Z = 0, 1, 2, 3 is smooth and compactly supported in (0, +oo), (82~^ 2 d UJ )'"r]j, I = 
0, 1, 2, 3 is bounded on § 2 and has the same support as 77J, and Fi, I = 0, 1, 2, 3 are smooth 
function satisfying the following estimates: 

\F {2?p(u), 7?' 2 d u p[u), d u p(u), %p(u), dlp{u) } 2~i\)\ 

+\F x (2?p(u), 2^ 2 d u p(u), d u p(u), dlp(u), dlp{u), 2~!\)\ 

+ \F 2 (2ip(u), 2l' 2 d u p(u), d u p(u), %p(u), 2~i\)\ (5 3?) 

MF 3 (2>p(u),V' 2 d u p(u),d u p(u),2-i\)\ 

< I 

~ (l + 2^'|p(a;)|) 2 (l + 2^|^p(a;)|)3- 

Indeed, this has been done in the proof of Proposition 14. Ill for the particular case p(u) = 
u(x, oj) — u(y, 10) but is easily seen to hold in the general case with the exact same proof. 
Applying (15. 35p to the 4 terms in the right-hand side of (I5.32p respectively with 



px(u) = u(x, u) - u(y, lu), p 2 (uj) = 4>u(x) ■ lu - <p u (y) ■ u, 
p 3 (u) = u(x, u) - (f> v (y) ■ u and p 4 (u) = <j> v (y) ■ u - u(y, u) 



(5.38) 



yields: 



(5.39) 



K(x,y)= / Fip^i^^m^^dJv^^dXduj 

q =i 1=0 J & J o 

4 4 p p+oo 

/ F[p 9 ]^(2- J A)(52-^)^(a;)A 2 rfArfa;, 

where Fi[p q ] is defined for q = 1, 2, 3, 4 by: 

F[ Pq ] = F^p^u), 2 j / 2 d w p q (u), d wPq (u), dlp q (u), dl Pq {u), 2- j X), I = 0, 1, 

F 2 [p q ] = F 2 (2^p q (u),V/ 2 d u p q (u) 1 d u p q (u),d 2 p q (oj),2^X), (5.40) 

F 3 [p q ] = F 3 (2^ (? M,2^p g (u;),^p (? H,2^A). 
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We rewrite ( I5.39P as: 

3 

'§ 2 JO 



K(x, y)= J2 5 ~ l L L ( Fl[pl] ~ Fi[Ps})M^ j X)(S2^ 2 d w ) l r]^oj)X 2 dXdw 

(5.41) 
1=0 Js2 Jo 

We now estimate Fi[pi] — Fi[p 3 ] and Fi[p 2 ] — Fi[p^. One easily checks that the first order 
derivatives of Fi satisfy the same estimate as the estimates (I5.37P satisfied by Fi. Together 
with Assumption 5 on u(x,u) — <f> v (x) ■ u, (I4.132p and (I4.133p . we deduce the following 
estimates on the support of rfy. 

\Fo\pi\ - F [p 3 }\ + \F [p 2 ] - F [p 4 }\ + |Fi[pi] - F 1 [p 3 ]\ + \F1\p2] - F 1 [p 4 }\ 

< \F [ Pl ]\ + \F [p 2 }\ + \F [p 3 ]\ + \F [ P4 ]\ + + \Fx[p 2 } \ + \Fx[p 3 ] \ + ^4] I 

< I 

~ (1 + \2i\u(x, v) - u(y, u)\ - 2i/ 2 \d u u(x, v) - d u u(y, v)\\f 

x- 



(i + 2i/2|a w «(^^-9Xi/^)l) 3 ' 

\F 2 \pi\ -F 2 \p 3 }\ + \F 2 \p 2 ] -F 2 [p A \\ 
< (2 J \u(x, w) - (j) v {x) ■ w\ + 2 3 \u(y, u) - <j> v [y) • u\ 
+2 j / 2 \d u} u(x,u) - d w {(j) v {x) ■ u)\ + 2 J '/ 2 |cU(y,u;) - d^Mv) ' ")| 
+\d 2 u(x,u) - dl(Mx) ■ w)| + |#u(v,w) " 35(0*(v) • ")!) 



(5.42) 



x 



X 



(1 + -u(y,u)\ -2?/*\d u u(x,u) - d w u(v , ")\\) 2 (5.43) 



(l + 2^/ 2 |^n(x,z/)-^(y,z/)|) 3 
<5- 1 



(1 + |2i|«(x, v) - u(y, u)\ - 2j/ 2 %u(x, ") - d u u(v, v ) W 

x ■ 



(l + 2^7 2 |oU(x, v)-d u u{y,v)\f 



and 



\F 3 [pi}-F 3 [p 3 }\ + \F 3 [p 2 ]-F 3 [p 4 }\ 

< (2 j \u(x,uj) - <j> v (x) ■ u\ + 2 J |w(?/,w) - (j> v {y) ■ u\ 
+2 j / 2 \d u u(x, u) - d„{<f> v {x) ■ u)\ + 2 j / 2 \d w u(y,u) - d u (<j> v (y) ■ u)\) 

X (1 + \V\u{x, v) - u(y, v)\ - 2^\d^u(x, v) - d w u{y, v)\\) 2 

x 1 (5-44) 

{l + V/*\d u u{x,v)-d u u{y,v)\)3 

< s 2 = 

~ (1 + \2f\u(x, iS) - u(y, u)\ - 2?/*\d u u(x, v) - d u u{y, v)\\) 2 

X (l + 2i/ 2 |^(x,z/)-^(y,^)|)3' 

where we have used the fact that \u — v\ < <52~ J / 2 on the support of 77J, and e < 5 in view 
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of (I5.12p . Now, we have: 



+00 \ / f \ (5.45) 

^(2- J A)A 2 dAj U(52-3/ 2 dJ V »(u)du\ < 5 2 2 2 ^ 

where we have used the fact that (52~ : > I 2 d^) 1 ^ (u) is bounded on E> 2 and the fact that 
its support is two dimensional with a diameter ~ 52~^ 2 . fl5.4ip - fl5.45l) immediately yield 
the decay estimate f)5.33p . Finally, as explained after 05.331) . f)5.33p yields f)5.34p which 
implies (15.261) . This concludes the proof of Proposition 15.51 ■ 

Remark 5.6 Note that Assumption 5 does not contain any estimate for the term d^u — 
d^((p u (x) ■ lo). Instead, this term is estimated using Assumption 2: 

\dlu-dl{<t> v {x)-uj)\<l, 

and thus is not bounded from above by 0(e) unlike the corresponding estimate for d 2 u — 
d 2 (<f) u (x) ■ u) in Assumption 5. As a consequence, (15.421) cannot be improved, and is 
responsible for the introduction of the extra smallness parameter S in the decomposition 
in angle. 



5.2 Proof of the estimate (J23SD 



Recall the definition of the Fourier integral operators M± and Q± introduced in section 
EL2 

M±f(x) = e ±iXu{x ' ±ul) f(\uj)\ 2 d\du, (5.46) 

is 2 Jo 



and 

hoo 



Q±f{x)= / e ±iXu{x ' ±u > ) a{x,±u)- 1 f{\uj)\ 2 d\du. (5.47) 
</s 2 Jo 

Let (/+,/_) satisfying: 



Q+(A/ + )-Q-(A/_) = z^. 
The goal of this section is to prove that (/+, /_) satisfies the following estimate: 



(5.48) 



||A/+||l 2 (ir3) + ||A/-||i2( R3 ) < ||V0 o ||l 2 (s) + ||0i||l 2 (s)- (5.49) 
Using Proposition 15. II in the case of a symbol b = 1, we obtain: 

I|A/ + ||l 2 (r3) < ||M + (A/ + )|U 2(S) and \\\f-\\ L * m < || M_(A/_) ||l 2 ( s), (5.50) 
which yields: 

I|A/+||l 2 (r3) + HAJ-ll^^s) 

< ||M + (A/ + )|| L2(s) + ||M_(A/_)|| i2(E) (5.51) 

< ||M + (A/+) + M_(A/_)|| L2(S) + ||M + (A/+) -M_(A/_)|U 2(E) . 
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We have: 

" + OO 



(Q±-M ± )f(x)= / e^^'^iaix^u)- 1 -l)f{Xu)X 2 d\du. (5.52) 
Js 2 Jo 

Due to Assumption 1-3 on a, the symbol a(x, ±u;) _1 — 1 of Q± — M± satisfies the 
assumptions (I2.42I) - (I2.44I) of Theorem 12.81 with D = e. Thus, we obtain from (I2.45P that: 

\\{Q±-M ± )f\\vw <e\\f\\ L2m . (5.53) 

The second equation of (I5.48p . (15.511) and (I5.53P yield: 

\\\f + \\ L2m + ||A/-|U 2(R 3) < ||M + (A/+) +M_(A/_)|U 2(S) + WMlhx)- (5.54) 

The following lemma will allow us to bound the first term in the right-hand side of (15.541) . 

Lemma 5.7 For any (f + , /_), we have the following bound: 

||M + (A/ + ) + M_(A/_)|U 2(s) < ||VM + (/ + ) + VM_(/_)|| i2(s) 

+ {s + ^){\\\f + \\ip^) + Uf-\\^)), (5 ' 55) 

where 5 may be chosen as in (" 15 . 1 2j) . 



Before proving Lemma l5.7[ we first conclude the proof of the estimate (12.491) . (15.121) . 
(ESD and fl535|) yield: 

||A/ + ||r>(R8) + \\\f-\\v<x>) < \\VM + (f+) + VM_(/_)|| i2(s) + \\<j>i\\v>py ( 5 - 56 ) 

Applying V to the first equation of (15.481) and using (15.561) implies: 

||A/+||l3(r») + ||A/_|| L2 ( R 3) < ||V0o||x2(s) + ||0i||l2(e), (5.57) 

which is the wanted estimate (I2.49p . 

Proof of Lemma 15.71 Since Vw = a _1 iV, we have: 



-oo 



VM±f(x) = ±i / e ±iAu{a; ' ±aj) a(x,±a;)- 1 A^(x,±a;)A/(Aa;)A 2 rfA^. (5.58) 
Js 2 Jo 

We introduce the operator P± defined by: 

P P + OO 

P ± f(x)= / e ±iXu(x ' ±ul) N(x,±uj)f(Xuj)X 2 dXduj. (5.59) 
Js 2 Jo 

Due to Assumption 1-3 on a and N, the symbol i±(a(x, ±cu)~ 1 — l)N± of VM±=fzP±(A.) 
satisfies the assumptions (I2.42l) - (l2.44p of Theorem 12. 81 with D = e. Thus, we obtain from 
(E25D that: 

||VM ± (/) T iP ± (A/)|| L2(s) <e\\Xf\\ L2m . (5.60) 
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Thus, the proof of Lemma [5.71 reduces to the proof of the following estimate: 
||M + (/ + ) + M_(/_)|| L2(s) < ||P + (/ + )-P_(/_)|U 2(s) 



+ ( 5 + Js) (II/+IU 2 (ir 3 ) + II/-I|l2(r3)^ 



(5.61) 



for any (/ + ,/_) in L 2 (M 3 ) x L 2 (M 3 ). To prove (I5.6ip . we decompose in frequency and 
angle as in the proof of Proposition 15.14 in order to reduce ourselves to diagonal terms. 

Decomposition in frequency. As in step 1 of the proof of Theorem 12.8} we decompose 
M±(f±) and P±(f±) in frequency: 

M±(/ ± )(rr) = ( M ±)jf±( x ) and P±(U)(x) = E ( P ±).7±(z) ( 5 - 62 ) 
j>-i j>-i 

where the operators (M±)j, (P±)j are defined as in (14.51) (14. 6p . Following step 1 of the 
proof of Proposition 15. 1[ we obtain the equivalent of (15.101) : 

||M + (/ + ) + M_(/_)||i 2(s) 
= Yl [ (i M +hf+( x ) + (M.) j f.(x))((M + ) l f+{x) + (M_),/_(x))dE (5 . 63) 

+ C( £: )(ll/+llL2(I R 3) + ||/-||z,2( R 3)), 

and 

\\p+(J+) - P-(f-)\\hm 

= E J((P+)if+(z) - (P-hf-W) ■ ((P + )iU(x) - (P-)if-(*))<K (5.64) 
+o5)(ll/+llia (B .) + l|/-lli a 



Decomposition in angle. As in step 2 of the proof of Proposition I5.1[ we decompose 
(M±)jf± and (P±)jf± in angle: 

(M ± ),/ ± (x) = YX M ±)if( x ) and ( p ±)i/±(z) = J2(P±)-f(x), (5.65) 

where the operators (M±)j and (P±)j are defined as in ( 14. lip and where the support of 
our partition of unity 77J on § 2 is a patch of diameter ~ <52~ J / 2 with 5 chosen as in (I5.12p . 
Following step 2 of the proof of Proposition 15. 1[ we obtain the equivalent of (15. 17ft : 

E / d M +hf+( x ) + (M_) i /-(x))((M + ) ,/+(*) + (M_),/_(x))dS 
li-J|<2' /E 

= E E I {{M + T 3 f + {x) + {M_y 3 Ux)) (5.66) 

|j-Z|<2 |i/-iy'|<252-j/ 2 S 

x((M + )r7 + (x) + (M_)r7-W)^ + o (^) (hz+ii^.) + 11/- 



|2 

II 2 
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and 



E / ((^U-Z+W - ( P -)jf-W) ■ {(P+)iU{x) - (P_),/_(a;))dE (5.67) 

EE/ (C+)i/+o«o - (*-)?/-(*)) • ((p + )r7 + w-(p-)r7-^))^ 



|j'-i|<2 \v-is>\<252-i/ 2 

+( ^ (^2) (H/+lli 2 (K 3 ) + ll/-lli 2 (R 3 ))- 
End of the proof of Lemma 15. TL (15.631) and (I5.66j) yield: 



+ M_(/_)||i 2(s) = E E / (( M + ),V + (*) + (M_)J/_(x)) 



J'-«|<2 [i/-i/'|<252-J'/a (5.68) 



x((M + )ff+(x) + (M-Xf-WdE + O^) (\\U\\h m + ||/-||i 2(R3) ), 
and ([SMD and flo^TD yield: 

l|P + (/ + )-P-(/-)lli 2( E) (5-69) 

= E E / - (/>-)?/_(*)) • ((p+)r7 + (^) - (p_)r/-(x))dE 

b'-«|<2 |^-^'|<2<52-3/2 ^ E 

+ (j)(ll/ + lli 2 ( R 3) + ||/-|ll 2 ( R 3))- 

The operator (P±)'j — N(x, ±u)(M+)j has a symbol given by iV(:r, ±w) — N(x, ±z/). Thus, 
the estimate (14. 1 18[) together with Assumption 2 on d^N, and the fact that \u — u\ < 
82~^' 2 on the support of 77J yields: 

\j-l\<2 \u-u'\<252~o/2 Jjl 

= E E / ^)( M +)i/+w - # ( 5 - 7 °) 

\j-l\<2\ p - v '\<282-o/ 2 S 

•(iV(x, ^(M+jrZ+Cx) - N(x, -v)(M_)* f_(x))d£ + 0(5)(\\U\\h m + UZ-lli^.))- 

Now, Assumption 6 yields \N(x, v) + N(x, —v)\ < e which together with (15.701) and the 
fact that iV is a unit vector implies: 



EE/ (( P +),V + (aO - iP-))f-ix)) ■ ((P + )ff + (x) - (P_)f /_(x))dE 

|i-J[<2 |^'|<2<52^/ 2 S 

EE/ ((^W+O*) + (M_)J/_(x))((M + )r / / + (x) + (M_)f/_(x))dE 

|j-«[<2|^-y'|<2(52^/ 2 S 

+0(5 + 5)(||/ + ||i 2(M 3 ) + ||/-||i 2(M 3 ) ). (5.71) 
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Finally, <^M, (EM) and (I5TT|) yield: 

\\P+(f + ) - P-{f-)\\hp) = ||M + (/ + ) + M_(/_)||! 2(s) 



-O ^5 + — J (||/+|||2( R 3) + ||/-||z,2( M 3)), 



(5.72) 



which implies (I5.6ip . As noticed at the beginning of the proof, ( I5.6ip yields the wanted 
estimate (I5.55P . This concludes the proof of Lemma 15.71 ■ 

5.3 Existence of (/+,/_) 

In the previous section, we have proved the estimate (12.491) : 

IIAj+Hz^) + ||A/_||£a(R3) < ||V0 o ||l2(s) + ||0i||l2(s), (5.73) 
for any (/ + , /_) satisfying the following system: 



Q+(A/ + )-g_(A/_)=i0 1 . 



(5.74) 



Notice that (15.731) implies the uniqueness of (/+,/_) solution of (15.741) . In this section, 
we complete the proof of Theorem 12.101 by proving the existence of (/+,/_) solution of 

(EZU). 

Recall that the phase u(x, u) of our Fourier integral operators has been constructed in 
[TT] on E x § 2 under the assumption that (£, g, k) satisfies the following bounds consistent 
with the assumptions on £ for R and k in Theorem 11.11 

\\R\\vp) < e, \\Vk\\vp)<e. (5.75) 
(S, g, k) also satisfies the constraint equations: 

v j hj = o, 

R=\k\ 2 , (5.76) 
Trk = 0, 

where the last equation in (15.761) comes from the fact that we work with a maximal 
foliation. We introduce two sets V and W: 

V = {(£,#, k) such that (15.751) and (I5.76P are satisfied}, (5-77) 

and 



W = { (S, g,k) G V such that (/+, /_) solution of (15.741) exist for all (0o, 4>i) 
such that V0 O e L 2 {T) and fa E L 2 (S)}. 



(5.78) 



In order to prove the existence of (/+, /_) solution of (15.741) . we will show that V = W 
by a connectedness argument. This will result from the following two lemmas. 

Lemma 5.8 Let N > an integer. Then, the set V is connected for the topology of 
(g,k)eC«(Z)xC«-\Z). 
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Lemma 5.9 Let N > an integer. Then, the set W is open and closed in V for the 
topology of (g,k) G C 9 (E) x C" ?_1 (S) provided q is chosen sufficiently large. 

Remark 5.10 The assumptions on the regularity on (Ti,g,k) in Lemma \5. 8\ and \5. 9\ are 
much stronger than the ones appearing in the bounded L 2 curvature conjecture. We would 
like to insist on the fact that this smoothness is only assumed to obtain the existence of 
(/ + ,/_) solution of (15.741) . On the other hand, we only rely on the control of \\R\\l 2 ce) 
and || VA;||l 2 (e) given by (15.751) to prove the estimate (15.731) . 

We postpone the proof of Lemma [5T81 and Lemma [5791 respectively to section [5.3. II and 
section 15.3.21 Let us now conclude the proof of Theorem 12.101 Note first that W is not 
empty. In fact, the flat initial data set (S, g, k) = (IR 3 , S, 0) belongs to V, where 5 denotes 
the euclidean metric. In that case, our construction in [17] yields the usual Fourier phase 
u(x,oj) — x • u. Then, the system (15.741) reduces to: 



which admits the solution: 



T-\f + )+F-\f_) = ( p , 
^- 1 (A/ + )-^- 1 (A/_)=^ 1 , 



f± = \ (V(0o) ± i^j , (5.80) 

where J 7 denotes the Fourier transform on M. 3 . Thus, (S, g, k) = (R 3 ,<5, 0) belongs to W, 
which implies that W is not empty. It is also open and closed in V for the topology of 
(g, k) G C 9 (E) x C" 3_1 (S) by Lemma [5.91 for q sufficiently large. Since V is connected for 
the topology of (g, k) G C 9 (S) x C 9_1 (S) by Lemma PI this implies that W = V. This 
proves the existence of (/+,/_) solution of (I5.74p and concludes the proof of Theorem 
E10J ■ 

5.3.1 Proof of Lemma 15.81 

The conformal method of Lichnerowicz. We start by reviewing the conformal 
method of Lichnerowicz for constructing solutions to the constraint equations (I5.76P on E. 
Let g a Riemannian metric on E. We define the Riemannian metric g and the symmetric 
2-tensor k as: 

k = (f> l o, K 1 

where a is a traceless symmetric 2-tensor and a conformal factor tending to 1 at infinity. 
Then, (g, k) defined in (I5.8ip satisfies the constraint equations (I5.76P provided that (0, a) 
satisfy the following system: 

+ MV' = o, ( 

diver = 0, v ' 

where R is the scalar curvature of g and where the divergence and the Laplacian are taken 
with respect to g. 



(5.79) 
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The existence of a. We now turn to the question of the existence of and a solution 
to (I5.82p . In order to exploit the smallness condition ( 15 .75 p . we need an existence theory 
for rough solutions to the constraint equations (15. 76p . We will follow the exposition in 
[13] (we refer to [3] for the smooth case). Let I G N and pGl. We introduce the spaces 
H l p (E) defined by: 

H l p m=\h/ £||(1 + |x|)-^ 3 / 2+ H/,|| L2(s)<+00 l (5.83) 
[ |«[<i J 

We recall first the construction of a symmetric traceless divergence free 2-tensor a on E. 
To this end, we introduce the conformal Killing operator L and the vector Laplacian A^: 

2 

LX = C x g_ ~ 3 div (5 8 4) 

A L = div(LX), 

where X is a vectorfield on S, Cx is the Lie derivative with respect to X, and the 
divergence is taken with respect to the metric g. If S is a symmetric traceless 2-tensor, 
and if we can solve 

A L X = -div(S), (5.85) 

then setting a = S + LX yields diva = which solves the second equation of ( I5.82p . The 
fact that this is always possible is known as the York decomposition. In the context of a 
rough metric g, the following result holds (see [T3]): 



Let 1— < p < 0, g G H^(Y,) and S G if / J_ 1 (S). There is a unique X 
solution to (I5.85p . and X satisfies ||X||#2( S ) < ^y 
This yields a solution a to diva = such that a = S + LX 
and IMItfi < \\S\\hi (S)- 



(5.86) 



The existence of 0. We then have to solve the first equation of (15.821) which is the 
Lichnerowicz equation. This is not an easy task in general since one has to show that g is 
conformally related to a metric with vanishing scalar curvature. However, we are in the 
particular case of small data in view of ( 15 .75 p . and we will obtain the existence of by a 
fixed point method. Let for — 1 < p < and let g G H^(s). Then, recall from [13] that 
—A is invertible as an operator from -f^p(S) to if°_ 2 (£) so that the following estimate 
holds: 

IK-A)- 1 /^ Hp2(s) < |N|^o_ 2(S ), -K p < 0. (5.87) 

This allows us to rewrite the first equation of (I5.82p in the form of a fixed point for 
ip = (f)- 1: 

iP = (-R + |a| 2 - i# + M 2 ((l + ^)- 7 - 1)) . (5.88) 

8 

Now, we deduce from the embedding of Hp(E) in L°°(S) for p < and from the proper- 
ties of the spaces H l p (T,) with respect to the pointwise multiplication proved in [13] the 
following inequality: 

\\-r + \ a \* - R^ + + - i)|| R0 < pll^^^l + UWmp)) 



+lkll^_ i(E) (l + ^(||V||H|(K))), (5 ' 89) 
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where $ is an increasing function, and where we assume that the control H^IIh^e) < 1/2 
holds. Thus, in view of ( I5.86p . we have for — 1 < p < and H^IIh^e) < 1/2: 

\\- R + \ a \* - R^ + + ^)- 7 - l)|| H o a(s) < ll^ll^o 2(s) (l + ||V||^(E)) 

where is an increasing function. In view of (I5.90p . we immediately obtain the existence 
of ip solution to (I5.88P provided ||i2||ijo(£) + 1 1 S \ \ H i ^ < e for a sufficiently small e. 

Proof of Lemma 15.81 Let us come back to the proof of Lemma T5.8I We will prove that 
all solutions of the constraint equations (I5.76P satisfying the bound (I5.75P are 

connected to (M 3 , S, 0) by a continuous path. For < r < 1, we introduce: 

7~Tr k 

9 T = rg + (1 - t)6 and S T = rk ^— g^, (5.91) 

where Tr r denotes the trace with respect to the metric g . Let — 1 < p < 0. From 
the smallness assumptions (I5.75P and the definition f)5.9ip of g and S T , we immediately 
obtain: 

WErW^m + WSAgL^Se, (5.92) 



where R T is the scalar curvature of g . In view of f !5.86j> . (I5.88P (I5.90p and (15. 92 p . we 
obtain the existence of (cr r ,0 T ) in Hl_ 1 (lH) x Hp(s) solution to: 

-8A<j) T + R T <j) T - |a T | 2 0; 7 = 0, 
divov = 0, 

where R T is the scalar curvature of g and where the divergence and the Laplacian are 
taken with respect to g . Finally, setting 



9r = 4>t9 t , 



2„ (5.94) 



we obtain a solution (Y>,g T ,k T ) to the constraint equations (15.761) which satisfies the 
following bound: 

\\9t ~ 5 ll^(s) + WKWh^^) ^ e- (5-95) 

Thus (g T ,k T ) satisfies the bound (15.751) so that (E,g T ,k T ) belongs to the set V defined 
by (15.771) . Furthermore, recall from (I5.88P that T is obtained by a fixed point argument. 
This implies in particular the uniqueness of (a T , <f> T ) so that (g T , k T ) = (5, 0) at r = 
and (g T ,k T ) = (g,k) at r = 1. Using standard results in elliptic regularity, we also 
obtain that the path r — » (g T ,k T ) is continuous for the topology of C 9 (S) x C" 3_1 (S) 
provided (g, k) e C 9 (E) x C^ 1 ^). Thus, all solutions (S, g, k) of the constraint equations 
(I5.76P satisfying the bound (I5.75P are connected to (IR 3 , 6, 0) by a continuous path, which 
concludes the proof of Lemma 15.81 ■ 

Remark 5.11 In general, the connectedness of the set of all solutions (Yl,g,k) of the 
constraint equations ( I5.76P is an open problem (see [Lflj for a partial answer). Here, the 
smallness condition ( I5.75P makes the problem much easier, as the solutions are obtained 
by a fixed point argument in this case. 
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5.3.2 Proof of Lemma 15.91 



(5.96) 



The operator A. We start by rewriting the system (I5.74p as: 

VM+/+ + VM_/_ = V0 O , 
Q + (A/ + )-g_(A/_)=i0 x . 

We define the operators M± as: 

M±f{x) = ± / e ±iAM(x ' ±w) a(a;,±a;)- 1 iV(a;,±a;)/(Aa;)A 2 rfAc/w, (5.97) 
Js 2 Jo 



so that (I5.96P becomes: 



M + (A/+)-M_(A/_) = -*V0 o , 
Q+(A/+) - Q-(A/_) = i<f>i. 



(5.98) 



We define the linear operator A as: 

A(/+,/_) = (M+(/+) -M_(/_),Q+(/ + ) -Q-(f-))- (5-99) 

By Theorem 12.81 and Assumption 1-4 on w, a and N, A is a bounded operator from 
L 2 (M 3 ) x L 2 (M 3 ) to L 2 (£) 3 x L 2 (S). In view of (g3SD , it satisfies the following estimate: 

||/+||L2(R3) + ||/-||L2 (R3) < ||A(/ + ,/_)|| L 2 (S )3 xL 2 (S) . (5.100) 

Finally, in view of (I5.98P and the definition (15.991) of A, we may rewrite the set W as: 

W = {(£,#, k) eV such that A is surjective}. (5.101) 

W is closed. We have to show that the set W given by (15.1011) is both open and closed 
for the C 9 (S) x C" 3_1 (S) topology when q is sufficiently large. Let us first show that 
W is closed. Let (g n , k n ),n G N a sequence in W such that it has a limit (g, k) for the 
C 9 (S) x C" ?_1 (S) topology. Let A n be the operator associated to (g n ,k n ), and A the 
operator associated to A. A n is surjective for all n > 0, and we would like to prove that A 
is surjective. Notice first that the fact that A is a bounded operator from L 2 (M 3 ) x L 2 (IR 3 ) 
to L 2 (E) 3 x L 2 (S) together with the estimate (15.1001) implies that the image of A is closed 
in L 2 (S) 3 x L 2 (S). Thus, we may reduce the problem to showing that a dense subset of 
L 2 (S) 3 x L 2 (S) belongs to the image of A. Let us consider (0 o ,0i) in Cj(S) x C^(S) 
which is dense in L 2 (E) 3 x L 2 {T). Since A n is surjective, there are (/", /") such that: 

An(/+,/-) = (V0 o ,0i). (5.102) 
Differentiating (I5.102p six times and using (I5.100p . we obtain: 

||(1 + A 6 )^|| L2(R 3 ) + ||(1 + A 6 )^|| L2 



" ; ( ^9n\\ci(S) + ||^n||c«- 1 (S))(||0o||cJ(E) + ||0l||c|), ' 1() >) 



no 
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for a sufficiently large q. We deduce from (15. 1U3|) the existence of a constant C > 
independent of n such that: 



A 6 )r , 



L 2 



l + A b )^|| i2(R 3 ) <C<+oo. 



(5.104) 



In particular, we may assume in up to a subsequence that converges up to a 

subsequence to (/+, /_) weakly in L 2 (IR 3 ) x L 2 (R 3 ). We have: 



A n (fl, n - a(u, /_) = (A n - ax/?, n + A{fi - u, r_ - /_). 



(5.105) 



We will show that both terms in the right-hand side of (15.1051) converge to weakly in 
L 2 (£) 3 x L 2 (£). We start with the first term. For (H, h) e C c °(£) 3 x C°(S), we have in 
view of the definition (15.991) of A: 



((An-AX/" n,(H,h))dZ 



(5.106) 



+oo 



((^,^),(A ri ,-A)*(i/,/i))A 2 rfA^ 



< 



< 



[H, /i)||c°(E) 3 xC°(£) 



+ IK _ a 



+oo 



(\m\uj)\ + \f^Xuj)\)(X\\u n (.,uj)-u(.,uj) 



|l°°(e) 



|l°°(e) 



+ \\N n (.,u) - N(.,u)\\ L oo m )X 2 dXdu 



^)llc c (E)3xC c °(S)(||(l + A 6 )/"|| L 2(R3) + ||(1 + A 6 )/"|| L 2 (B ;3); 



x sup(||u n (., 

a;G§ 2 



«(-,^)||l-(s) + IK (.,w) - o 
+\\N n (.,u) - N(.,u)\\ L °o {J:) ). 
Since (g n , fc„) converges to (g, k) in C 9 (E) x C 9_1 (S), we have for q large enough: 

lim sup(||u n (.,w) - u(., u) ||l°°(e) + Ha" 1 ^) - a _1 (., w)||l<»( E ) (5.107) 

+\\N n (.,u)-N(.,u)\\ L o a{s) ) = 0. 



71— > + QO 



Using f!5.1()4p . fl5TT06|) and flBTTOTI) implies that (A n - A)(/J,/2) converges weakly in 
L 2 (S) 3 x L 2 (£) to 0. Also, using the fact that A is a bounded operator from L 2 (. 



x 
x 



L 2 (R 3 ) to L 2 (S) 3 x L 2 (S) and that (f^JH) converges to (/+,/_) weakly in L 2 (] 
L 2 (R 3 ), we obtain that A(f+—f + , /"—/-) converges weakly in L 2 (S) 3 xL 2 (E) to 0. In view 
of (I5TT051) . this implies that A n (/£, /?) converges weakly to A(/+, /_) in L 2 (S) 3 x L 2 (S). 
Together with (I5.102p . this implies 



A(/ +s /_) = (V0o,0i). 
Thus, A is surjective which concludes the proof of the fact that W is closed. 



(5.108) 



W is open. To conclude the proof of Lemma 15.91 we need to prove that W is open for 
the C 9 (E) x C" 2_1 (S) topology when q is sufficiently large. Let (g,k) G W and let A 
the operator associated to (g, k). Then A is surjective which together with the estimate 
(15.1001) implies that A is an isomorphism from L 2 (R 3 ) x L 2 (R 3 ) to L 2 (S) 3 x L 2 (S). In 
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turn, this implies that AA* is an isomorphism of L 2 (E) 3 x L 2 (£). Let (g,k) G W such 
that: 

\\g- g\\ci(s) + || A; - fc||c*-i(£) < $ (5.109) 

for a small constant 5 > to be chosen later, and let A the operator associated to (g, k). 
Then, A and A consist of Fourier integral operators whose phase and symbol are 0(5) 
close to each other in the C 9 (E) topology. Integrating by parts several times in the kernel 
of AA* and AA*, we deduce the following bound provided q is sufficiently large: 

||AA* - AA*|| £(L2(s) 3 xL2(E)) < S. (5.110) 

Since the isomorphism of L 2 (£) 3 x L 2 (S) form an open set, we deduce from ( 15.1 10p that 
AA* is an isomorphism of L 2 (£) 3 x L 2 (S) for 5 > small enough. In particular, A is 
surjective for 5 > small enough. Therefore, A e W provided 5 > defined in (I5.109P is 
chosen small enough. Thus, W is open. This concludes the proof of Lemma 15.91 ■ 



A Proof of Lemma 4.6 



We would like to compute the double divergence term in the right-hand side of (14. 78 ft : 



div 



1 - (N ■ N') 2 
We recall the structure equations for A^: 



(N — (N ■ N')N')a di f(N' - (N ■ N')N)a!W 



1 - (N ■ N')' 



V A N = 9 AB e B , 
V N N = -yiog(a). 

In particular, (1A.2j) implies: 

div(A^) = ti9. 

Using (1A.3I) . we have: 

V 1 — (N ■ N') 2 J 
(trfl' - g(N, N')tv9 - V N (g{N, N')))a'W + V N ,- g{N , N , )N {a'W) 

l-g(N,N') 2 
, 2a'WV NI - g{N>NI)N {g{N, N'))g{N, N') 



(l-g(N,N>) 2 ) 2 
Differentiating again, we obtain: 



div 



(N - (N ■ N')N')a f(N' - (N ■ N')N)a'W 
1 — [N ■ N') 2 ( 1V 



1 - (N ■ N') 2 
A 2 A 3 



(l-g(N,N>) 2 ) 2 (l-g(N,N>)*)* (l-g(N,N>) 2 ) 



(A.l) 



(A.2) 



(A.3) 



(A.4) 



(A.5) 
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where Ai,A 2 , A 3 are given by: 

M. = (V N - g{NjN >) N iti9' - g(N, N')V N - g{NjN > )N >tr6)aa'bb' 

-g(N,N')N> (g(N, N'))tr0 + V N - g{N>N > )N .V N (g(N, N')))aa'W 
+(tr0' - g(N, N')tv9 - V N (g(N, N')))aV N _ g{NtN , )N ,(a>bb') 

+aV N-g(N,N')N'^ N'-g{N,N')N{a> bb ) 

+((tr0 - g(N, N')tx9' - V N ,(g(N, N')))a + V N - g (N,N')N>(a)) 

x ((tie' - g(N, N')tr6 - V N (g(N, N')))a'bb' + V N ^ g{N , N , )N (a'bb')), 



(A.6) 



and 



A 2 = 2aV N . g{N , N/w (g(N,N'))g(N,N') 

x ((tr0' - g(N, N')tv9 - V N (g(N, N')))a'bb' + V ' N .- g{N , N > )N {a'bb')) 
+2aa'bb'V N „ 9{NtN , )N ,V N ,„ 9{NtN , )N {g{N, N'))g(N, N') 
+2aa'bb'V N <- g ( NtN ') N (g(N, N'))V N- g (N,N>)N>(g(N, N')) 

+2aV N/ . giN<N r }N (g(N, N'))g(N, N')V N-g(N,N')N' (a'W) (A. 7) 

+((tr0 - g(N, N')tre' - V N ,(g(N, N')))a + V N - g{N>N > )N ,(a)) 
x2a'WV N ,- g{N , N/)N (g(N, N'))g{N, N') 
+2aV N - g{N , N , )N ,(g(N, N'))g(N, N') 

x ((tr0' - g(N, N')tr6 - V N (g(N, N')))a'bb' + V N ^ g{N , N/)N (a'bb')), 



A 3 = 8aa'bb'V N ,- g{N , N , )N (g(N, N'))V N _ mN , )N ,(g(N, N'))g(N, N') 2 . (A. 



Notice that N — (N ■ N')N' is tangent to P u > and that N' — (N ■ N')N is tangent to 
P u . Notice also that 1 - g(N, N') is of order two in A^ — N'\ 

„ g(N — N' N — N') , k . 

1 - g(N, N') = ^ j '-. (A.9) 

In view of (1A.5j) - (lA.9[) . one easily checks that the double divergence ( lA.ip takes the wanted 
form (I4.79P (I4.80P provided that we are able to control all the terms in the following list: 



Vat(5'(A^, N')) V ' N-g(N,N')N'{N' — g(N, N')N) V N-g(N,N')N' 



(l-g(N,N')y/^ f l-g(N,N>) ' (1 - g(N, iV')) 3 / 2 

V N-g(N,N')N<y N(g(N, N')) V N-g(N,N')N'^ N'-g(N,N')N(g(N, N')) 

l-g(N,N>) ' (l-g(N,N')y ' 



(A.10) 



Control of the first term of flA.lOj) . Using the structure equation for N HA.2j> . we 

have: 

V N (g(N,N')) (All) 
= g(V N N, N') + g(N, N')g(N, V N ,N') + g(N, S/ N - g[N , N , )N ,N') 
= -g(f\og(a), N') + g(N, N')g(N, f log(a')) + 9'{N - g(N, N')N', N - g(N, N')N') 
= -g{V log(a), N' - g(N, N')N) + g(N, N')g(N - g(N, N')N', V log(a')) 

+9'(N - g(N, N')N', N - g(N, N')N'). 

Using flA.9p . we have: 

\N-g(N,N')N'\ \N'-g(N,N')N\ < 

(l-g(N,N>)y/* + (l-g{N,N*))W ~ " 1 ' ' 
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In view of (1A.9[) . ( lA.llj) and (1A.12[) . the term ^^^j^ySi is under control and involves 
terms in the list ( I4.80p . 

Control of the second term of (|A. lOj) . Using the structure equation for A" flA.2j) . we 

have: 



N-g(N,N')N' 



N' — g(N, N')V 



N-g(N,N')N 



,N 



(A.13) 



V N - g{N , N , )N ,(N' - g(N,N')N) 
-V N ^ g{NjN , )N ,(g(N,N'))N 
= 6\N-g(N,N')N',e A ,)e A , 

-g(N, N')((l - g(N, N') 2 )V N N - g(N, N')V N ,„ g{N>N/)N N) 
-((l-g(N,N f ) 2 )g(-flog(a),N f ) 
-g(N, N')6(N f - g(N, N')N, N' - g(N, N')N) 
+8'(N - g(N, N')N f , N - g(N, N')N'))N 
= 9\N - g(N, N')N', e A ,)e A , + G(N' - g(N, N')N, e A )e A 
-(1 - g(N, N'fMN' - g(N, N')N, e A )e A + g(N, N')(l - g(N, N') 2 )f\og(a 
+ (1 - g(N, N') 2 )Vn'- 9 (n,n')n hg(a)N 
+g(N, N')6{N' - g(N, N')N, N' - g(N, N')N)N 
-9'(N - g(N,N')N',N - g(N,N')N')N, 

where we have used the fact that: 

N - g(N, N')N' = (1 - g(N, N') 2 )N - g(N, N')(N' - g(N, N')N). 
Note that the tangential components N — (N • N')N' and N' — (N • N')N satisfy: 

(N - g(N, N')N') + (N' - g(N, N')N) = (N + N')(l - g{N, N% (A.15) 

so that we may divide 9'(N-g(N, N')N', e A ,)e A ,+9(N' -g(N, N')N, e A )e A by l-g(N, N'). 
Thus, in view of (|X9]), ffAT2|) . flATT3l) and flATT5l) . the term Yli^n^^MM 
under control and involves terms in the list (I4.80p . 

Control of the third term of (IA.10I) . Using the structure equation for A" (1A.2|) together 
with (IA.14p . we have: 



(A.14) 



is 



V N -g(N,N')N'(g(N, N')) = g(V N -g(N,N')N'N, N') + g(N, W N -g(N,N')N'N') 

= _(i _ £(AT N') 2 )g(V log(a), N' - g(N, N')N) 
-g(N, N')G(N' - g(N, N f )N, N' - g(N, N')N) 
+6'(N - g(N, N')N', N - g(N, N')N'). 



(A.16) 



In view of (jOjl . flA~T2|) . flXTBl) and (lAlBj) . the term ^^S^SS^ is under control 
and involves terms in the list f)4.80p . 

Control of the fourth term of flA.lOp . Differentiating flA.ll)> with respect to ^N-g(N,N>)N>, 
we have: 

V N - g(N ^ nN >V N {g(N, N')) = -V 2 log(a)(iV - g{N, N')N', N' - g(N, N')N) 
-g(V log(a), V„-. m w )N ,(N' - g(N, N')N)) 
+VN- 9 (N,N')N>(g(N, N'))g(V log(a'), N - g(N, N')N') 

+g(N, N')V 2 \og(a')(N - g(N, N')N', N - g(N, N')N') (A.17) 
+g(N, N')g(y log(a'), V N - g (N,N>)N>(N - g(N, N')N')) 
+V N - g(N>N/)N ,9'(N - g(N, N')N', N - g(N, N')N') 

- g (N,N')N'(N — g(N, N')N'), N — g(N, N')N'). 
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(A.18) 



In view of 0A.17p . we need to control the term Vjv 3{N,N ^^ j^y~^~ ~~ ' • This is very 
similar to (1A. 13|) . Using the structure equation for A" flA.20 . we obtain: 

Vn- 9 (n,n')n'{N - g{N, N')N') = V N - giNjN , )N ,N - g(N, N')V N - g{N , N ' )N 'N' 

-VN-g(N,N>)N>{g{N, N'))N' 

= (1 - g(N, N') 2 )V N N - g(N, N>) V N ,- g(N>N . )N N 
-g(N, N')6'{N - g(N, N')N', e A ,)e A , 
-((l-g(N,N') 2 )g(-y\og(a) } N') 
-g(N, N')6(N' - g(N, N')N, N' - g(N, N')N) 
+9'(N - g(N, N')N', N - g(N, N')N'))N' 
= -(1 - g(N, N') 2 )f\og(a) - g(N, N')6(N' - g(N, N')N, e A )e A 
-g(N, N')6'(N - g(N, N')N', e A ,)e A , 
+ (1 - g(N, N') 2 )V N ,- 9{NiN , )N \og{a)N' 
+g(N, N')6(N' - g(N, N')N, N' - g(N, N')N)N' 
-9'(N - g(N, N')N', N - g(N, N')N')N', 

In view of (DO)]) . (jA32D, (1A~T5D and flAlSjl . the term VN - 9{N - N ^^~^ N,N ' m is under 
control and involves terms in the list (I4.80p . Note also that the terms V 2 log(a)(N — 
g(N, N')N', N' - g(N, N')N) and V 2 \og(a')(N - g(N, N')N', N - g(N, N')N') appearing 
in (1A.17R both contain at least one tangential derivative. Together with (IA.9I) . fl A. 12[) . 

flA~T5]) . flA~T6|) . flATT7|> and fjATPKj) . this yields that the term ^gg^ is under 
control and involves terms in the list (I4.80p . 

Control of the fifth term of (lA.lOjl . Exchanging the role of A" and N' in (IA. 16[) . we 
obtain: 

V N ,- g(N , N/)N (g(N,N')) = -(1 - g(N,N') 2 )g(V\og(a'),N - g(N,N')N') 

-g(N, N')6'(N - g(N, N')N', N - g(N, N')N') (A.19) 

+6(N' - g(N, N')N, N' - g(N, N')N). 

Differentiating (IA.19I) with respect to VAr_ 9 (Ar,Ar')Ar', we obtain: 

^N-g(N,N')N' V N'-g(N,N')N (<7(-W> N) ) 

= -(1 - g(N, N') 2 )V 2 log(a')(N - g(N, N')N', N - g(N, N')N') 
-(1 - g(N, N') 2 )^ N _ g{N ^ )Nl (N- g{ N,N')N') log(o') 
+2g(N, N')V N - g{N ,N>)N>(g(N, N'))V N -g(N,N>)N> log(a') 

-V N -g(N,N>Mg(N, N'))8'(N - g(N, N')N', N - g(N, N')N') (A.20) 
-g(N, N')V N - 9{N>N > W 9'(N - g(N, N')N', N - g(N, N')N') 
-2g(N, N')6'(V N - g{N , N , )N , (N - g(N, N')N'), N - g(N, N')N') 
+V N - g(N , N , )N ,9(N' - g(N, N')N, N' - g(N, N')N) 
+20(V N - 9iN>N , )N ,(N' - g(N, N')N), N' - g(N, N')N). 
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(A.21) 



Together with flA~T3|) . (1A~T6|) and (1A~T8|) . we get: 

V N-g{N,N')N'V N'-g(N,N')N(g(N, N )) 

= -(1 - ^(AT, jv') 2 ) V 2 log(a')(iV - <?(iV, N')N>, N - g(N, N')N') 
+ (1 - g(N, N') 2 ) 2 g(f\og(a), V log(a')) 
+ (1 - g(N, N') 2 )g(N, N')6(N' - g(N, N')N, V log(a')) 
+ (1 - g(N, N'f)g(N, N')9'(N - g(N, N')N', V log(a')) 
-(1 - g(N, N') 2 ) 2 V N ^ g{N , N/)N log(a)Viv log(a') 

-(1 - g(N, N') 2 )g(N, N')6(N' - g(N, N')N, N' - g(N, N')N)V N , log(a') 
+ (1 - g(N, N') 2 )6'{N - g(N, N')N', N - g(N, N')N')V N > log(o') 
-2g(N, N')V N - g{N , N/)N , log(o')(l - <7(AT, A^') 2 ) Vn'- b (n,n>)n log(o) 
-2c/(jV, iV') 2 V w _ 9( ^ ^ log(a')0(Ar' - <?(iV, iV')iV, iV' - ^(JV, iV')JV) 
+2(?(iV, AT') ^ N-g(N,N')N' log(a')6'(N - g(N, N')N', N - g(N, N')N') 
+(1 - gf(AT, iV') 2 ) Viv-p^ivoiv log(a)0'(JV - g(N, N')N', N - g{N, N')N') 
+g{N, N')6(N' - g{N, N')N, N' - g(N, N')N) 
x6'(N - g(N, N')N', N - g(N, N')N') 
-6'(N - g(N, N )N', N - g(N, N')N' f 
-g(N, N') Vjv-s(iv,jv')iV' 0\N - g(N, N')N', N - g(N, N')N') 
+^N-g(N,Nr W e(N' - g(N, N')N, N' - g(N, N')N) 
+2g(N, N')(l - g(N, N') 2 )e'(f\og(a), N - g(N, N')N') 
+2g(N, N')(l - g(N } N') 2 )6(f\og(a), N' - g(N, N')N) 
-2(1 - g(N, N') 2 )9(e A , N' - g(N, N')N) 2 
+2g(N, N') 2 6'(e A ,,N - g(N, N')N')6(N' - g(N, N')N, e A> ) 
+2g{N, N') 2 d'{e A ,,N - g(N, N')N') 2 
+2g{N, N') 2 e'{e A , N - g(N, N')N')6(N' - g(N, N')N, e A ) 
+2g(N, N') 2 6(e A , N' - g(N, N')N) 2 

Note that the term V 2 log(a')(-W - g(N,N')N',N - g(N,N')N') appearing in flA~2T|) 
contains at least one tangential derivative (it actually contains two tangential derivatives). 
Note also that the terms: 



2g(N, N') 2 0'{e A ,, N - g(N, N')N')9(N' - g(N, N')N, e A ,) 
+2g{N, N') 2 9'{e A ,,N - g{N, N')N') 2 
+2g{N, N') 2 6'(e A , N - g(N, N')N')6(N' - g(N, N')N, e A ) 
+2g(N, N') 2 6(e A , N' - g(N, N')N) 2 , 



(A.22) 



appearing in (IA.21I) may be rewritten: 

2g(N, jV') 2 (0'(iV - g(N, N')N', .) + 9(N' - g(N, N f )N } .)) 2 . (A.23) 
Together with ([Oil . flA"T2|) . flATol) and flA~2il . this yields that the term 

V N-g(N,N>)N> ^N'-g{N,N')N{g(N, N')) 

(l-g(N,N')y 

is under control and involves terms in the list (I4.80P . This concludes the proof of Lemma 
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B Proof of Lemma 14.71 

We start with the terms fV(ab)a'b', 9V(ab)a'b', V(a)V(6)a'6', 6 2 aa'W in the list fl480|) . 
They all take the form (I4.8ip with H 3 = H 4 = 0, H 2 = a'b' and taking respectively 
H x = fV{ab), iJi = 9V{ab), E x = V(a)V(6) and E x = 6 2 ab. Thanks to Assumption 1 
and Assumption 2 on a, and the assumptions (I2.42p (I2.43P on b, the estimates (I4.82p 
and (I4.83P are satisfied. 

We now consider the other terms: 



(V0 - V9')aa'bb' (9 - 9')V(ab)a'b' 



\N„-N V ,\ 



\N„-N„,\ 



ab9V(a'b'),V(ab)V(a'b'), 



9 - 9'faa'bb 
\N V -N„,\ 2 



99'aa'bb'. 



We focus on ( - v ^ Ar ve ^ a " bb and the others being similar. For 



(Ve-\70')aa'bb' 



have: 



\N V -N„,\ 



wc 



(V0 - V9')aa'bb' _ (V0 - V9 v )aa'W + (V0 V - V9')aa'bb' 



N„-N,A 



N u -N p , 



N u -N u , 



(B.l) 



and the two terms in (IB.ip are of the form (14.811) with if 3 = if 4 = 0, and respectively 
Hi = ^5r7H #2 = a'b' and ff x = { ^m^P^ , H 2 = ab. Thanks to Assumption 1 
and Assumption 2 on a, 9 and the assumptions (I2.42p (I2.43P on b, the estimates (I4.82p 
and (I4.83P are satisfied. In particular, we have: 



(V0 - V9 u )ab 



and 



(V9 V - V9')ab 



L2(S) 



2i/2| 



V — V 



I I 5 



<D\\VdJ\\w<D 



(B.2) 



(B.3) 



L2(E) 



where we have used Assumption 2 to estimate \N V — N u i\ , the fact that \u — uj\ < 2 J//2 
on the support of r/J and the fact that 2^ 2 \v — v'\ > 1. We finally consider the term 

-9 u faa'bb' (9 - 9 V )[9 V - 9')aa'bb' [9 V - 9') 2 aa'W 



(e-0') 2 aa'bb' w , 

\n„-n v ,\ 2 • We have 
(9 - 9') 2 aa'W 



\N U -N V ,\ 



\N V -N V ,\ 



\N V -NA 



The first and the last term in (1B.4P are estimated like the term bb remarking 

that 



\N„-N„,\ 

)aa'\ 



(B.4) 



9„) 2 ab 



N v -N v ,\ 2 



< 



L 2 



(s) ~ (2i/ 2 \v-v 



(B.5) 



and 



(0„ - 9'fab 



\N„-N„,\ 



L2(E) 



< WWhw < \\d u 9\\l^) + l|V^0f i2(s) < 1. (B.6) 



Finally, the second term in flR4|) is of the form (OT|) with H x = if 2 = 0, if 3 = 2 j / 2 (9 - 
9 u )ab and if 4 = ( f^~^,| ■ 



80 



Thanks to Assumption 1 and Assumption 2 on a, 9 and the assumption (I2.42p on 
b, the estimates (I4.82p and (I4.83[) are satisfied. In particular, we have: 



\\2^ 2 (6 - 6 v )ab\\ L ~ LHPu) < D\\dJ\\ L ^ {Pu) < D(\\M\\»m + £ A (B- 7 ) 

and 

< D\\dJ\\ L ^ {Pa) < D(\\dJ\\ L2 p) + ||Vc> w 0|| i2(E) ) < D, 

(B.8) 

where we have used the fact that embeds in L^L 2 (P U ) (see [17] Corollary 3.6 for 

a proof only using the regularity given by Assumption 1). This concludes the proof of 
Lemma 14.71 ■ 



{0 V - 6')a'V 



\N U - N v 



ab 



C Proof of Lemma 4.8 



We need to compute the divergence terms involving Di and D 2 in f 14 .97)) . We start with 
the term involving D\. 



C.l The divergence term involving D\ in ( 14.971 ) 

Using the definition (14.95)) of D\ together with the structure equation (I A. 21) for N and 
( ]A.3p . we obtain: 



1 - g(N, iV') 2 V (1 - g(N, iV') 2 )(A - \'%g(N, N>)) 
A 2 \' A 3 

T\ — r,(\T AH\2\2(\ _ \ta„{ A T AT ,\\ (CI) 



(l-g(N,N>)i)(\-\>±g(N,Ni))i (1 - g(N, iV') 2 ) 2 (A - \'$g(N, N')) 
A±X A 5 \' 2 

T" /-, /-jit s ti\ n\ n / \ \ i n /tit »tA\o " I 



(l-g(N,N') 2 ) 2 (\-\'±g(N,N>)) 2 (1 - g(N, iV') 2 )(A - \'$g(N, iV')) 3 ' 

where Ai, A 2 , A 3 , A4, A 5 are given by: 

A\ = a'Vjv- s (jv N')N'{abb')tr9 + aa'bb'V 'w-g{N n')n^0 

+a'V 2 (ab)(N, N' - g(N, N')N)b' + W N ,_ g(N>N , )N N( ab ) a ' b ' 

+a'V N (ab)V N '- g{N , N > )N (b') + (aa'bb'ti6 + V N (ab)a'b') 

x (tr0' - g(N, N')tv9 - V N (g(N, N')) + a'-'V N ,„ g{N , N , )N (a')), 



(C.2) 



A 2 = V 2 a(iV, N' - g(N, N')N)abb'g(N, N') + V VN ,_ g{N N/)NN (a)abb' g(N, N') 
+a'V N (a)V N ,- g{N , N/)N (a'~ 1 abb')g(N, N') + V N (a)abb'V N (g(N, N')) 

+Ct V N' —g(N,N' 

)N (a 2 a' 2 bb')V N (g(N,N')) + a 2 a' 1 bb'V N'- g (N,N')N^ N(g(N, N')) ( , 
+ (ti6' - g(N,N')tie - V N (g(N,N')) + a'~ l V N ,_ g{N , NI)N (a')) 1 " ' 

x (aV N (a)bb'g(N, N') + aV -1 V N (g(N, N'))bb') + (aa'bb'trO + V N (ab)a'b') 

aa' 1 VN'-g(N,N')N(g(N,N'))), 

A 3 = 2a'b'(abtr6 + V N (ab))V N ^ g{N>N/)N (g(N, N'))g(N, N% (C.4) 
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A 4 = 2bb'(aV N (a)a'- 1 g(N, N') + a 2 a'~ 2 V N (g(N, N'))) ( , 

xV N/ - g{N , N/)N (g(N,N'))g(N,N'), 1 ' ) 

and 

A 5 = 2(V N ^ g ( NiN >) N ( y aa'~ 1 )g(N, N') + aa'~ V n'- 9 (n,n')n{9{N, N'))) 

x {aV N {a)bb'g{N, N') + a 2 a'~ 2 V N {g{N, N'))bb'). { ' 

Note that the term V 2 {ab){N, N'-g(N, N')N) appearing in flCl2|) and the term V 2 {a)(N, N'- 
g(N, N')N) appearing in (1C.3|) contain at least one tangential derivative. In view of (IC.lj) - 
(10.61) . one easily checks that the divergence term involving Dt in ( I4.97P takes the wanted 
form (I4.98P ( I4.99P provided that we are able to control the two following terms: 

V N (g(N,N')) V N - g(NtN , )N ,(g(N,N')) 



(l-g(N,N')y/^ (l-g(N,N>))^ " 

The terms in (1C7|) correspond to the first and the third term of (lA.lOj) . Thus, this control 
has already been proved in Appendix A. 



C.2 The divergence term involving D2 in ( 14.971 ) 

Using the definition (I4.96P of D 2 together with the structure equation (1A.2I) for N and 
(IA.3p . we obtain: 



dixi (N- g (N : NW)a D2 



+ 



l-g(N,N'f 

A 2 y 



A x 



[l-g(N,N')i)(\-\'±g(N,N')) 

A 3 

+ 



+ 



[l-g(N,Nr)(X-X'^9(N,N')y (1 - g(N, iV') 2 ) 2 (A - \'%g(N, N>)) 



A 4 X' 



+ 



A,X' 2 



il-g(N,Nr) 2 (X-X>±g(N,N'))* (1 - g(N, iV') 2 )(A - \'%g(N, iV')) 3 ' 
where At, A 2 , A 3 , At, A 5 are given by: 

At = aV N - g(N , N , )N ,(ab)V N (b') + a 2 bV 2 (b')(N, N - g(N, N')N') 

+ {ati6 - ag(N, N')ti9' - aV N ig(N, N')) + V N - 9 (N,N')N'(a))abV N (b') 



(C.8) 



(C.9) 



A 2 = -V N „ g{N , N , )N/ (a 2 b)V N (a')g(N,N')ab'a'- 2 (CIO) 
-a 3 a'~ 2 V 2 {a'){N, N - g{N, N')N')g{N, N')bb' 

-a 3 a'- 2 V VN _ g(NNl)NlN (a')g(N, N')W - a 3 bV N {a')V N „ g{N , N , )N ,{b' a'- 2 )g{N , N') 

-a 3 a'- 2 V N (a')bb'V N - g(N , N , w (g(N, N')) - aV~ 2 V N (a')g(N, N')W 

x (atv9 - ag(N, N')ti6' - aV N >(g(N, N')) + V N - g (N,N')N'(a)) + a 2 bV N (b') 

x (V iV - 9 (v,7V')iV'(aa ,_1 )^(A r , N') + aa'^V N _ g[N:N , )N ,(g(N, N'))), 

A 3 = 2a 2 bV N ^ g{NtN , w (g(N,N'))g(N,N')V N (b'), (C.ll) 
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A, = -2a 3 a'~ 2 bb'V N ^ {N , N , )N ,(g(N,N>))g(N,N') 2 V N (a>), (C.12) 

and 

A 5 = -2(V iV _ g(iV ,i V 0iV'(aa /_1 )^(iV, N') + aa , " 1 V i v- ff (jv,JV')JV'(^(iV, N'))) , . 

a 3 a'- 2 V N {a')g{N,N')W. 1 J 

Note that the term V 2 (6 / )(iV, N-g(N, N')N') appearing in (jC~9|) and the term V 2 {a'){N, N- 
g(N, N')N') appearing in (10. 101) contain at least one tangential derivative. In view of 
fl0.8n - fj(J.13p . one easily checks that the divergence term involving D 2 in (I4.97P takes the 
wanted form (I4.98P (I4.99P provided that we are able to control the two terms in (10. 7ft . 
This control has already been proved in Appendix A. This concludes the proof of Lemma 
1481 ■ 
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